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Abstract - Jiang and Rallis (1997) defined a family of local integrals attached to a cubic
polynomial and proved explicit evaluations of them over a non-archimedean local field F,
when either F contains three third roots of unity, or the defining polynomial is reducible.
The restriction on F allowed them, among other things, to reduce the case of irreducible
polynomials of the form z3 — a. Pleso (2009) began the work of removing the restriction on
F by expressing the integral as a sum of 16 integrals for the cubic polynomial 2% — bz — c,
with b, ¢ € F, and computing nine of them. In this work, we compute 15 of Pleso’s integrals
explicitly, and reduce the last to a conjecture about the number of points on a surface
over a finite field, in the special case when F is the p-adic numbers (F = Q,) and p is
equivalent to 5 mod 6. The proof of this conjecture is provided in the appendix section. Our
computations essentially complete Pleso’s work in that special case. In the interim, Xiong
(2020) has computed the integrals for an arbitrary non-archimedean local field by a totally
different approach. Our direct approach might be more extendable to analogous integrals
defined using quintic polynomials in a higher-rank setting.
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1 Introduction

In modern number theory, a lot of research is dedicated to the study of zeta functions and
their analytic properties. The first and simplest example of such a function, and possibly
still the most important, is the Riemann zeta function, ((s), defined for s = o + it € C
with o > 1 by the absolutely convergent Dirichlet series

[e.o]

(=31,

ns
n=1

or by the absolutely convergent Euler product (over primes p)
_s\ -1
p
but extending to an analytic function on C — {1}, and satisfying the functional equation

2)Gs) =T T

m 20 )S(1 = s),
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where I is the Gamma function, given, for (s) > 0 by

[(s) :/ e "us ! du.
0

This idea was extended to number fields (i.e., finite extensions of Q) by Dedekind,
who defined a zeta function attached to such a field

CK(S) = ZNafs = H(l _ ]\[pfS)—l7
a p

where the sum is over all ideals in the so-called ring of integers, o, of K, the product is
over just the prime ideals, and for each ideal a, the norm Na is just the index of a in og,
which is finite.

The same idea was extended in a different direction by Dirichlet, who introduced
Dirichlet characters x : Z — C, which satisfy

x(mn) = x(m)x(n),  x(m+N)=x(m), x(n)=0 <= ged(n,N) # 1,

for some integer N. Dirichlet studied the L function

L(s,x) =) 2@

=TI —xppr=)"

p

The two extensions are related by quadratic reciprocity. Indeed, if K is any quadratic
extension of Q, then there is a unique Dirichlet character y, which takes values in
{—1,0, 1}, such that

Ck(s) = C(s)L(s, x)- (1)

In more detail, for each prime p, one of three things happens:

1. There are two prime ideals p; and py in 0x such that Np; = Npy = p, and x(p) = 1;
in this case we get a factor of (1 —p~)~? in the Euler products on both sides of ([I)).

2. There is one prime ideal p in ok such that Np = p?, and x(p) = —1; in this case we
get a factor of (1 —p=2*)~1 = (1 —p~*)"(1+p~*)~! in the Euler products on both
sides of (I)).

3. There is one prime ideal p in o such that Np = p, and x(p) = 0; in this case we
get a factor of (1 —p~*)™' = (1 —p~*)(1 —0-p~*) in the Euler products on both
sides of .

For example, if K = Q[i] then ox = Z[i], which is a p.i.d., and x is given by

1, n=1 mod 4,
xX(n)=< -1, n=3 mod 4,

0, n is even.
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There is an analogue of the identity in the setting where K is a quadratic extension,
not of Q, but of another field F' which is itself a finite extension of Q. In this case (i /(r
is attached to a Hecke character, which is like a Dirichlet character, but defined on op
rather than Z. These and related facts are covered in most introductory algebraic number
theory books, such as [10],[2].

There is also an analogue of the identity in the setting where the extension is of
degree > 2, but in this case (x /¢ (or, more generally, (x/(r) is not a simple Dirichlet
(or, more generally, Hecke) L function, but a product of L functions of a more mysterious
type, known as an Artin L functions. Unlike Dirichlet and Hecke L functions, Artin L
functions do not have analytic properties that are well understood.

In the paper [§], Jiang and Rallis introduced a new way to study the ratio (x /(r in the
case when [K : F] = 3. The method is based on an integral over a group of matrices with
entries in a ring called the adeles. The adele ring of a number field F' is a natural object
to use in the study of Euler products, because the adele ring itself is a type of product,
with a factor for each prime, and a finite number of other factors. For example, in the
case of Q there is one additional factor, and it corresponds to factor of 7/ 2F(§) which
must be added to the original Euler product for ((s) in order to obtain a nice functional
equation. We will describe the adele ring of Q in more detail below.

The integral 1°(s, f,) of Jiang and Rallis depends on an element o of F*. This quadru-
ple determines a polynomial g of degree at most three, and when g is cubic and irreducible,
that provides the cubic extension of F. In their paper, Jiang and Rallis prove that the
integral has nice analytic properties by relating it to a function called an Eisenstein series
with known analytic properties. This Eisenstein series is defined on a group of matrices,
with entries in the adele ring, which is known as Gs. The other parameter, fs, on which
the integral depends, is itself a certain type of function on this group which is used in the
construction of the Eisenstein series.

Having established the analytic properties of their integral, Jiang and Rallis set out
to calculate it. When o determines a cubic extension K, the goal is to prove that the
integral is equal to the product of (x(3s —1)/(r(3s— 1), and an additional factor, known
as the “normalizing factor” of the Eisenstein series mentioned above, and given by

1
Cr(3s)Cr(6s —2)Cr(9s — 3)

(They are also able to predict what the value of 19(s, f,) should be when the polynomial
attached to o is reducible, with distinct roots.) Using the product structure of the adele
ring, Jiang and Rallis factor their integral as a product over primes, with a factor I7(s, f )
for each prime ideal p in 0 and a finite number of other factors. The job is then to match
the contribution from each prime with the corresponding factor in the Euler product for

CK(3S — 1)
Cr(38)Cr(3s — 1)(p(6s — 2)Cr(9s — 3)

Jiang and Rallis were able to accomplish this goal only under two additional hypotheses:
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e they restrict attention to primes which are “unramified.” In essence this means that
they assume that anything which only happens at a finite number of primes is not
happening at the prime they are considering. (For example, if F' is Q, we might
exclude any prime which divides the denominator of one of the elements of o: there
are only finitely many such primes.) This, in particular, forces the function f;,, on
which the integral depends, to be one specific element, denoted f¢,, of the space it
varies in.

e they assume that the field F' contains three cube roots of 1.

Note that this second technical hypothesis unfortunately excludes the case F' = Q!

Jiang and Rallis comment that the restriction on cube roots should be removable.
A first step towards removing it was taken in the master’s thesis of Joseph Pleso [12].
The hypothesis that F' contains three cube roots of 1 is used in several different ways
in [§], including in an argument which reduces the study of arbitrary irreducible cubic
polynomials to the study of those of the form 2® — a. Jiang and Rallis break the integral
i (s, Is p) into 16 pieces, and the complexity of these pieces is greater when there are more
nonzero coefficients in the polynomial attached to o. In [I2], Pleso considers a polynomial
of the form z? — bx + ¢, and computes the analogous 16 sub-integrals. He then evaluates
nine of them.

In this paper, we restrict ourselves to the important special case F' = Q. In this case
op = Z. So, if p is a prime ideal of op, then p is generated by an ordinary prime p. For
each prime p, we obtain the field Q,, of p-adic numbers, which we discuss in more detail in
the next section. The Jiang-Rallis integral (s, f;’,p) is an integral over five copies of Q,,
and is also described in more detail in the next section. If p =1 (mod 6), then the field
Q, has three cube roots of 1. In this case, the value of I,,(s, f¢,) can be deduced from the
results of Jiang-Rallis, even though the field Q does not have three cube roots of 1.

Thus one, only has to handle p = 2,p = 3 and p = 5 (mod 6). In this paper, we let
p=>5 (mod 6), compute six of the seven sub-integrals which Pleso did not compute, and
reduce the last one to a conjecture about the number of integral solutions to a polynomial
equation over Z/pZ.

Conjecture 2 Let p be a prime, such that p =5 (mod 6). Fiz b and ¢ in Z/pZ* such
that g(u) := —u® + bu + ¢ is irreducible. Then
{(r,y,u) € (Z/pZ)* x (Z/pZ) x (Z/pZ) | g(u) = Buyr +y’r* —r mod p}
has p* — 1 elements.
This conjecture has since been proved by Victor Scharaschkin, who has kindly per-

mitted us to include his proof in an appendix to this paper. Our main theorem can be
stated as follows.

Theorem 3 Let ] (s, f,,) be the local integral of Jiang and Rallis at an unramified prime
p. Assume that p =5 (mod 6), and the polynomial g attached to o is irreducible mod p.
Then

I7(s, fo,) = (1= P73 (1 — p=¥ (1 — pO5+2).
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The assumption that the polynomial g is irreducible mod p is a natural one. If ¢
is reducible in the field Q,, then the integral has already been computed by Jiang and
Rallis, who did not use their hypothesis on the cube roots of 1 in their treatment of this
case. And, for any polynomial f with integer coefficients, the set of primes p such that f
is reducible mod p but not in Q,, is finite.

So, by assuming that p = 5 (mod 6) and and that g is irreducible, we exclude only
the cases already handled by Jiang-Rallis and a finite number of exceptions.

The right-hand side of our identity is the expected one. Indeed, when the polynomial
attached to o is irreducible mod p, and K is the cubic extension attached to it, there is a
single prime ideal p in o such that Np = p3. Thus, the contribution to the Euler product
for (#(3s — 1) corresponding to the prime p is (1 — (p?) 1)1, or (1 — p~?*3), and so
the contribution of the prime p to the Euler product for

CK(BS — 1)
((3s)¢(3s — 1)¢(6s — 2)¢(9s — 3)°

1s
(1 o p—9s+3)—1
(1—p3s)~1(1 — p3+1)-1(1 — p6542)~1(] — p-9s+3)-1"
which is precisely the right-hand side of our identity.

The integral I7 (s, f¢,) was previously computed by Xiong in [19] using a totally differ-
ent method which works for any number field F. Thus, our “Conjecture [2]' may actually
be deduced from Xiong’s result, using the results of this paper. Scharaschkin’s elementary
proof of conjecture [2| completes a second, more elementary proof of the special case F' = Q
of Xiong’s result.

2 Background and Notation

2.1 The Field of p-adic Numbers

In this section we review some basic definitions about the field Q,, of p-adic numbes, where
p € Z is a prime number. Some references for a more detailed introduction to Q, are [9,
[13], (141, [15], [5].

2.1.1 Analytic Approach

The first, more analytic approach to defining Q, is based on defining a non-standard
absolute value on the field Q of rational numbers, which depends on a prime p. First,
let ord, : Q* — Z be the unique function such that, for each element x of Q*, we have
T = pordp(””)% for some a,b € Z, neither of which is divisible by p. It is conventional to set
the ord,(0) = 400 to ensure ord, satisfies all the axioms of a valuation. We then define

the p-adic absolute value Q — [0, c0) by

—L  ifx#£0
_ pordp(z) 1 )
oy { 0, ifz=0
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This formula does indeed give a well-defined absolute value on Q, and indeed, one which
satisfies the “strong triangle inequality”:

@+ bl, < max(laly, [b],)

with equality whenever |al|, # |b],. (Equivalently, ord,(a+b) > min(ord,(a), ord,(b)), with
equality whenever ord,(a) # ord,(b).) We may the define the field Q, of p-adic numbers as
the completion of Q with respect to | |,; we define “Cauchy” and “convergent” using | |,,
show that having a difference which converges to 0 is an equivalence relation on Cauchy
sequences, and let Q, be the set of equivalence classes of Cauchy sequences, relative to
this equivalence relation. Thus defined, Q, is indeed a field, and addition, subtraction,
multiplication, etc., as well as | |, have unique continuous extensions from Q to Q, which
we denote with the same symbols.

The ring of p-adic integers, Z,, may then be defined as {x € Q,, : |z| < 1}. This is
indeed a subring of Q,,, and it is also the closure of Z in the topology on Q,, and is compact
in this topology. This ring has a unique maximal, ideal, namely {z € Q, : |z| < 1}, which
is principal and generated by p; its group of units Z is thus {z € Q,, : || = 1}. Finally,
Q —Z,={xeQ,:|z]>1}.

The field Q,, possesses a measure, unique up to multiplication by a positive scalar,
which assigns open sets positive measure, assigns compact sets finite measure, and is
invariant under additive translation. We can pin it down uniquely by specifying that the
measure of Z,, is 1. This measure is called the additive Haar measure and we denote it dz
(or dy if the variable is y, etc).

2.1.2 Algebraic Approach

For each positive integer k, the set {z € Z, : |z| < p~*} is the principal ideal p*Z,
in Z, generated by p*. It satisfies Z,/p*Z, = Z/p*Z. This actually permits one to give
an equivalent, algebraic definition of Z, and Q,. Specifically, one may define Z, as the
projective limit lim, Z/p*Z of the finite rings Z/p*Z, k =1,2,3 ..., i.e., the set of infinite
sequences (ag)$2, such that ay € Z/p*Z and if £ > k then ay, is the image of a, under the
“reduction mod p*” map Z/p‘Z — Z/p"Z. 1f this alternate definition of Z, is used, then
Q, may be recovered as the field of fractions of Z,.
Via either approach, each nonzero element of Q, has a unique p-adic expansion:

 dwp", N€Z, dye{0,...,p—1}, eachn,  dy#0.
n=N

Then >\ d,p" lies in Z,, if and only if N > 0.

2.1.3 More on Haar Measure

As we have mentioned, the Haar measure is invariant under additive translation and
assigns the ring Z, a measure of 1. For each integer k the set

Pz, ={pr v ez,
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is at once an additive subgroup of Q,, the closed ball of radius p~ centered at 0, and the
open ball of radius p'~* centered at 0. For each other a € Q, the coset a + p*Z, is the
closed ball of radius p~* centered at a, and the open ball of radius p'=* centered at a.

By invariance, the various cosets a + p*Z,, as a varies, all have the same measure. If
k > 0 then Z, is a union of p* cosets of p*Z,. If k < 0 then p*Z, is a union of p=* cosets
of Z,. In either case we can deduce that the Haar measure of a +p*Z, is p* for all k € Z.

The cosets a+ p*Z,, (a € Q,, k € Z) play a role in the theory of Haar measure on Q,
that is similar to the role played by intervals in the theory of Lebesgue measure on R.. For
example the “step functions” used to define the integral are finite linear combinations of
characteristic functions of these balls:

Z C’L':[I‘ai—l-pki Zp' (4)
i=1

(Here, and throughout this paper, 1y is the characteristic function of the set X.) Their
integrals are completely determined by the volumes of these balls, which we just computed.

It follows that if X, and Y are two Haar-measurable subsets of Q, and ¢ : X — Y
is a function which maps each coset a + p*Z, to another coset b + p*Z, of the same size
(i.e., with the same k), then ¢ preserves the Haar measure, so that

| wtptarde = [ )y

for any measurable function h.

If X and Y happen to be subsets of Z,, then the cosets a + p*Z, are precisely the ele-
ments of the quotient ring Z/p*Z, so the measure-preserving property can be interpreted
as giving a well-defined bijection modulo p* for each k.

In what follows, we shall make use not only of Haar measure on Q, but also the
product measure defined on several copies of Q,. In this context we shall frequently refer
to the measure of a measurable set X as its volume, and denote it Vol(X).

2.2 Hensel’s Lemma

Lemma 5 For .
flz) = Zcixi € Z,[z],
i=0

let
d

f(x) = Z icir' ™!
i=1
be the derwative. For ag € Z,, suppose that
fla)=0 (modp), and  f(a) 0 (mod p).
Then
{a€Z,:a=0ap (modp), and f(a) =0}

has exactly one element.
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Proof. See [9], theorem 1.39. O

Corollary 6 Take f(z) € Zy|x] and let f(z) € Z/pZ]x] be the polynomial obtained by
reducing each of the coefficients of f modulo p. Suppose that f is irreducible, while f
vanishes at a € Z/pZ. Then a is actually a double zero of f.

2.3 Additive Characters

The function
- -1 n oo n
e (z) = exp (—2m Doy dnp ) s r= 0 dyp”,
P 1, x € 7Ly,

is a well-defined continuous homomorphism Q, — S* :={z € C: |z| = 1}.

It should be noted that if ' is a number field — that is, a finite extension of Q —
then it is possible to define absolute values which are analogous to | |, on the field F' and
complete [ with respect to these absolute values and obtain fields which share many of
their properties with Q,. These fields are known as non-Archimedean local fields. Notably,
many of the results of Jiang and Rallis are proved for any number field or for any non-
Archimedean local field. Others are proved for any field in one of these classes which
contains three cube roots of one— a technical hypothesis which excludes Q, and excludes
Q, if p=2 (mod 3).

2.4 The Adele Ring

In this section we briefly describe the so-called adele ring of Q. It’s worth noting that this
theory may be extended to define adele rings attached to finite extensions of Q as well.
Some good references are [10], [2], and [5].

In order to set up the definition, it is useful to mention an important fact. It follows
from a theorem of Ostrowski (see [2], p. 45) that every nontrivial multiplicative absolute
value on Q is either the standard one (which gives R as the completion of Q), or the
absolute value | |, for some prime p, or equivalent to | |, for some p in the sense that it
induces the same topology on Q. (Concretely, if we take ¢ € (1,00), which is not equal to
p, then replacing “p~rdr(@)” by “c=orde(@)” in the definition of | |, produces an absolute
value which is not the same as | |,, but is equivalent to it.)

Thus, the set of topologically-distinct completions of Q consists of R and one element
for each prime p. It is convenient to introduce an index set which consists of the primes
and one additional element corresponding to R. Historically, the most common choice for
the index corresponding to the completion R is “00.” In keeping with this tradition, we
let Qoo = R and | | : R — [0,00) be the usual absolute value.

We now consider the product of all the topologically-distinct completions of Q:

Rx[[Q,.
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An element of this ring can be thought of as an infinite sequence
T = (Too, T2, T3, T5, L7, .-, Tpy ... )
such that o, € R while z, € Q, for each prime p. The adele ring, A is then

{r e R x H Q, : the set of primes p such that z, ¢ Z, is finite}.
P

Notice that if a is an element of Q then a is an element of every completion of Q
and hence (a,a,a,a,a,...,a,...) is an element of R x ], Q,. In fact, it is an element
of A because a € Z, for any prime p which does not divide the denominator of a when
written in lowest terms. We regard Q as a subring of A by identifying a € Q with
(a,a,a,a,a,...,a,...) € A.

The group A* of units of A is called the ideles. It is described explicitly as

{r e R x H Q, : the set of primes p such that x, ¢ Z is finite}.
P

Notice that if a € Q* then (a,a,a,0a,a,...,a,...) € AX, since a € Z) for any prime p
which divides neither the numerator nor the denominator of a (in lowest terms).

Like Q,, the ring A possesses a measure, called Haar measure, which is unique up to
multiplication by a positive scalar, assigns open sets positive measure, assigns compact
sets finite measure, and is invariant under additive translation. It can be pinned down
uniquely by requiring that on each of the subsets

Rx [[Qx]]Z. (T€(000)),

p<T p>T

it is given by the product of Lebesgue measure on R and Haar measure on Q, or Z,.
(Notice that A is the union of these subsets.)

We shall also need to use the idelic absolute value, which is defined as follows. Suppose
that x € AX. Let S = {p prime | ;, ¢ Z;}. Then we define [z| = |zoo|oo - [[ e [Tp[p- Here
|Zo0 |00 18 just the usual absolute value of z.,, which is an element of R*. Notice that if S’
is any finite set which contains S then [z] = [zeo| - [[,cqr [7p], (since we've only added a
finite number of 1’s to the product). Indeed, the infinite product |Zoo| - [ Ly primes p [ T2l
converges to |z| because all but finitely many terms in the product are 1. The idelic
absolute value has the key properties that if z,y € A* then |zy| = |z||ly|, and that if
a € Q* then |a| = 1.

Finally, we would like to define a continuous homomorphism A — S' which is
trivial on the embedded copy of Q. Previously we introduced e, : Q, — S'. Take
T = (oo, T2, T3, ..., Tp,...) € A. Then, for all but a finite number of primes p, z, € Z,
and hence e,(x,) = 1. Hence

e(r) = e H ep(zp) (7)

does not have any convergence issues, and gives a well defined continuous homomorphism
A — S'. It can be shown that it is trivial on Q.
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2.5 The Group G,

In this section we briefly introduce a certain matrix group which we call “G5.” Some
references for this material are [4],[1],[6], [16],[17].

The name “G,” applies, first and foremost, to a root system. A root system is a finite
spanning set ® in a real inner product space (one may take it to be R™ with the usual
dot product) such that

1. the reflection o — 2;—26 of a in the plane orthogonal to g is an element of ® for all
a, e P,

2. the quantity 2% is an integer for all o, 5 € ®,
3. ifae ® ke Rand ka € &, then k =1 or —1.

The elements of the set ® are called roots. The second requirement has an interesting
geometric consequence. Indeed, if a and § are two roots, and if # is the angle between

them then Ba-p 113
TP 0,5, 5,0 1)
B-Ba-a 4°2°4
Up to rotation and scaling, there are only four root systems in R?. They are shown below.

VAN
IVANRZIN

The root system at the far right is G5. It has 12 roots.

Root systems play an important role in the classification theory of various mathemat-
ical objects, including Lie groups, Lie algebras, and linear algebraic groups. For us, the
important object is a linear algebraic group.

A linear algebraic group G over a field F' is defined by a positive integer n and a finite
set S of polynomial equations, with coefficients in F' where the variables are the entries
of an n x n matrix, and

cos?f =

G(R) :={g € GL,(R) : S}
is closed under matrix multiplication and inversion, i.e., a subgroup of GL,(R), for any
commutative F-algebra with unity R. For example, if X is a fixed n x n matrix with
entries in F' then

{9 € GL,(R) : gXg¢" = X}
(here * denotes transpose) is well-defined a subgroup of GL,,(R) for any commutative F-
algebra with unity R. Thus G itself is not actually a group, but a mapping from F-algebras
to groups.

In order to describe the results of Jiang, Rallis, and Pleso, we will not need to worry
about the specific set of polynomial equations that defines G5. The key point about our
“GG5" being a linear algebraic group is that it is not a single group, but a mapping from
Q-algebras to groups, which we will use to define various groups: G2(Q), G2(Q,), G2(A),
etc., and each subgroup of it which we introduce is a similar object.
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2.6 Some Key Subgroups of G,

Without getting too bogged down in the details of how root systems are used in the
classification of linear algebraic groups, let us briefly mention that our linear algebraic
group G5 has a one dimensional subgroup attached to each of the roots in the root system
Gs. For example, if we use the same embedding of G5 into G Lg as Pleso [12], then one of
the six long roots, which we denote «, is attached to the group of all matrices of the form

100000 0 O
01 a 0O0O0 0O O
0010O0O0 O O
To(a) = 0001O0O0 O O
“ 000010 0 Of
000001 —a O
0000O0O0O 1 O
000O0O0O0 O 1

and one of the six short roots, which we denote f3, is attached to the group of all matrices
of the form

15000 0 0 O
01000 O O O
001bb =b*>0 0
25(b) = 00010 =b 0 O
00001 =b 0 O
0000O0O 1T 0 O
0000O0O O 1 =b
0000O0O O O 1

We may assume that the root system is embeeded in the plane so that a and [ are as
displayed below

Then the other ten roots are a+ 8, + 25, a + 303, 2a. + 33, and the negatives of the first
SiX.
Bundling together five of these groups, we obtain another important group, which we
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denote N consisting of all matrices of the form

B2y, 20, 0) = Tarsa (00025 (9)T2003(2) e s (W) 0 (0)

10 —u —y -y —x vr+2uy—2z —uxr—y>
01 v uw u —y —ul+vy —uy+=z
00 1 0 0 0 Y T
10600 0 1 0 O —u Yy
100 0 O 1 0 —u Y
00 O 0 O 1 —v U
00 0 o0 0 0 1 0
00 0 0 0 0 0 1

Note that the function n is not a homomorphism, because the group N is not abelian.
However it does give a bijection R° — N(R) for any Q-algebra R. If R = R, Q, or A,
then this bijection with R° defines a measure on N(R), which corresponds to product
measure on R°.

Abusing notation, we shall use the symbol n for a general element of N as well as for
the above function from R® — N(R) for each R. So, for example, “n € N(A)” means the
same things as “n = n(z,y, z,u,v) for some z,y, z,u,v € A.”

The function n also has a lower-triangular analogue, which will also arise in the results
of Jiang-Rallis and Pleso. It is given by

B4, 2 0,0) = 7)) 2055 21250} _35(0)
1 0 0 O 0 0 00
0 1 0 O 0 0 00
—y r 1.0 0 0 00
- —u Y 0o 1 0 0 00
= —u y 00 1 0 00|
—v —u 0 O 0 1 0 0
ve4+2uy—2 ur—y> u —y —y —x 1 0
—u?—vy —uy+z v u u y 01

and its image is a subgroup of G which is conjugate to N and denoted N~. As we did
with “n” we will also abuse notation with n~ by denoting a general element of the group
N~(R) by n~ when we have no need to refer to its individual coordinates.
The next subgroup of Go is isomorphic to GLs. Specifically, if ¢ = (2¢5), then we
define
a b
c d
a’?/A  ab/A  ab/A  —b*/A
m(g) = ad/A  ad/A  be/A  —bd/A
ad/A  be/A  ad/A  —bd/A ’
—d*/A —cd/A —cd/AN  d*/A
a/A  —b/A
—c/A d/A
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where A = ad—bc. Then m : GLy — G Lg is a homomorphism and its image is a subgroup
of G5 which we denote M.

The group M normalizes the group N, and the product of the groups N and M is
denoted by P. For any Q-algebra R, every element of P(R) can be written uniquely as
m(g)n(zx,y, z,u,v) for some g € GLy(R) and x,y, z,u,v € R. Since M normalizes N, the
mapping m(g)n(x,y, z,u,v) = ¢ is a homomorphism.

For any prime p we have G5(Q,) = P(Q,) - G2(Z,), that is, every element of G2(Q))
can be expressed as bk with b € P(Q,) and k € G3(Z,). References for this fact include
[7] Proposition 2.33. The expression is not unique, because P(Q,) N G2(Z,) = P(Z,)
which is not trivial. But if bjk; = boks, then there exists § € P(Z,) such that by = b3
and ko = ﬁilkl.

2.7 Characters of N and Their Connection With Cubic Forms

We shall be working with continuous homomorphisms from N(A) and N(Q,) into the
group S' = {z € C : |z| = 1}. Such homomorphisms are sometimes called “characters.”

Let v(n(x,y, z,u,v)) be the row vector [:v Yy u v] . It’s not difficult to check that v
is a homomorphism N(R) — R* for any Q-algebra R. Its kernel is the group Z(R) of all
matrices of the form n(0,0, z,0,0). It’s also not hard to check that

n(0,0,0,0, 2)n(1,0,0,0,0)n(0,0,0,0,z) *n(1,0,0,0,0)"" = n(0,0, 2,0, 0).

This implies that, for any Q-algebra R, and any abelian group A, every homomorphism
from N(R) to A must factor through v.

Next, we need some key facts about the space of all continuous homomorphisms R —
St when R = R,Q, or A. See, for example [2],[I0]. Let ¢ be any fixed nontrivial
continuous homomorphism A — S!, which is trivial on Q. (For example, the function
e defined in ([7)).) Then every other continuous homomorphism Q\A — S!, is of the
form ¥,(x) = ¥(ax) for some a € Q. By restricting ¢ to the copy of R inside A we
get a nontrivial continuous homomorphism 1 : R* — S, and every other continuous
homomorphism R — S, is of the form ¥, 4(2) = ¥ (az) for some a € R. Similarly, by
restricting 1 to the copy of Q, inside A we get a nontrivial continuous homomorphism
¥, : Q, — S', and every other continuous homomorphism Q, — S*, is of the form
Ypa(x) = Yp(ax) for some a € Q,.

It follows that every continuous homomorphism N(A) — S* which is trivial on N(Q)
has the form n(z,y, z,u,v) — ¥(a1x + agy + azu + aqv) for some aq,as, a3, a4 € Q, or,
equivalently, n — v (v(n)- o) for some o € Q. Here - is the usual dot product. Moreover,
every continuous homomorphism N(Q,) — S* has the same form, with coefficients in Q,,.
In either case, we let ¥, be the mapping attached to the quadruple o as above.

We have
v(im(g " n(z,y, z,u,0)m(g)) = [z y u v]-p(g), (8)
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where

1 0O 0 0
1 a | 3a 1 0 0
p((o 1))_ —3a 20 1 0"

—a® a® a1
1 —a —a® —a°

1 0\ [0 1 2a 3d?

p((a 1))_ 00 1 3a]’

0 O 0 1

From (§), it follows that for o € Q* and g € GL»(Q),

wa(m(g)_lnm(g)) = ¢U-p(g)t (n)

The mapping p : GLy — GL4 is closely related to a certain action on homogeneous
polynomials of degree at most 3 which we now explain. Key results are from [18]. If
¢ = (c1,co,c3,¢4), then we define

Fo([z,y]) = a12® + co2®y + cszy® + cay’.

For g € GLy we define
g+ F([z,y]) = (det )~ F([z,ylg).
Then we define o(g) to be the matrix such that

g Fe = Fep)-

It’s easy to check that

) 13/t
t; O . t1
e ({0 ts ) - o
o 3/t
(1 a a® a®]
1 al\ 1 2a 3a?
¢ ( 0 1 ) - 1 3a
l _ ! |
= -
1 0]\ _ [3a 1
@ < a 1] ) “13a% 2a 1

a® a® a 1
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Then

p(g) = wio(det g~ g)wi where w; =

— o O O
o= O O

0
1 0
0o o |- (9)
0 0

. - . : 1 a 1 0
Indeed, it suffices to check this identity on matrices of the form (O 1) , (a 1) , and

t .
(01 t0> , because matrices of these three forms generate G'L,.
2

2.8 Some Results of Wright

Let k be an arbitrary field. Orbits for the action of GLy(k) on k% by o were classified in
[18].

Theorem 10 ([18]) The orbits for the action of GLy(k) on k* by o are as follows:
1. The set which contains only the zero vector is a singleton orbit.

2. The set which consists of all ¢ such that F.(x,y) = d(ax+by)® for some (non-unique)
a,b,d € k is a single orbit.

3. The set which consists of all ¢ such that F.(x,y) = (a1x + bay)?(azx + bay) for some
(non-unique) ay, as,by, by € k is a single orbit.

4. For all other c, let K. be the smallest field extension of k such that F, splits into
linear factors over K. Then ¢ and d € k* lie in the same G Ly(k)-orbit if and only
if K. = K.

Let f.(z) = F.(1,z). We give a modest reformulation of the result.

Corollary 11 Assume that k has more than two elements. Each nonzero orbit for the
action of GLa(k) on k* by o contains an element such that f. has degree 3. To such an
element ¢ we can attach the quotient ring k[z]/(f.). Then two elements of k* are in the
same orbit if and only if the attached quotient rings are isomorphic.

Proof. Indeed, f. has degree less than 3 if and only if = is a linear factor of F.. By
Wright’s result, the orbit of ¢ determines the number and multiplicities of the linear
factors of F,, but not what they are. So its possible to choose an element such that none
of the linear factors is x, with only one exception— if £ has two elements and F, has three
distinct linear factors, then one of them must be x because k[z,y| only has three linear
elements.

If f. has distinct irreducible factors then, by the Chinese remainder theorem,
k[z]/(f.(x)) is the direct sum of the quotients of k[z] by the individual factors— that
is, it’s a single cubic field if f, is irreducible, or k @ K, if f. is the product of a linear
factor and a quadratic factor, and it’'s k@ k@ k if f. is the product of three distinct linear
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factors. Finally, if f. has a repeated root r then, substituting x — = — r (which is an
automorphism of k[z]), we can assume r = 0. Then k[x] = k & k[z]/(«?) if 0 is a double
root, or k[z]/(z?) if it’s a triple root. No two of the rings thus obtained are isomorphic
to each other. O

Remarks 12 1. If we had defined f.(z) as F.(x,1) we would have gotten the same
quotient ring for each orbit. Indeed, each orbit has an element which is divisible by
neither  nory. For such an element F.(x,1) and F.(1,x) are both cubic, and their
roots are the inverses of one another.

2. If k[z]/(fe(x)) is a cubic field, there are two possibilities for its relationship with the
field K. introduced earlier. Let o be any root of f.(x). Then klx]/(f.(z)) = k(a). If

k(c) contains the other two roots of f.(z), then K. = k(a) = kl[z]/(f.(z)). If not,
then the two other roots of f. lie in a quadratic extension of k(a), and this extension
is K. It is, of course, degree 6 over k.

This also enables us to compute the orbits for the action of GLy(k) on k?* via p. Because
of equation @D, which relates the actions by p and by p, it is convenient to make the
following definition. For o = (ay, as, az, as) € k* let

Jo = fa-wl = f(a4,a3,a2ﬁa1) € k[l’]

Corollary 13 Let k be any field. Take o and T € k*. Then there exists g € GLy(k) such
that 7 = op(g)t if and only if

kll/(90) = K21/ (g)-

In what follows, it will also be useful to have a partial description of the orbits of GLy(Z,)
acting on Qf, via 0. Before proceeding with this it will be useful to introduce a key fact
from [18]. For k any field and ¢ = (c1, ¢a, 3, ¢4) € k* let

2 2 3 3 2 2
P(c) = c5c5 + 18cicacseq — Acyey — 4deres — 27ci ¢y

Lemma 14 For all fields k, all ¢ € k* and all g € GL(2,k), we have P(c- o(g)!) =
det g*P(c).

Proof. This appears near the top of p. 512 of [I§]. O
If f, is a cubic polynomial, with roots (possibly lying in an extension field) oy, ap and as,
then P(c) is known as its discriminant, and is also given by the formula

Plo)=c¢; ] (ei—ay)

1<i<j<3

In particular, it is zero if and only if f. has a repeated root. See, for example, [3], pp.
610-612.
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Proposition 15 Take ¢ and d € Q;. If ¢ and d are in the same GLy(Z,)-orbit, then
K. = Kq, |P(¢)lp = [P(d)]p, and max(|ci|p, |c2|p, 5]y, [calp) = max([di|p, [da]p, [ds]p, |dalp)-
Moreover, for each relevant field K

{ceZ,:|P(),=1, and K, = K}
is a single GLy(Z,)-orbit.

Remark 16 For ¢ € Q) such that |P(c)| = 1, ¢ € Z; <= max(|ci|p, |calp, [cslp, [calp) =
1.

Proof. First assume that ¢ and d are in the same GLy(Z,)-orbit. Then K. = Kj,
because they are in the same GLy(Q,) orbit, and |P(c)|, = |P(d)|, by lemma [14] (since
the determinant of an element of G Ly(Z,) lies in Z).

Now, max(|ci|p, [c2lp, [c3]p, [calp,) = p~* if and only if k is the smallest integer such
that ¢ € p* - Z}. From this description, it’s clear that max(|dyl|p, |dalp, |ds|p, [dal,) <
max(|c1p, |alps |C3lps |Calp) Whenever d = ch for some 4 x 4 matrix h with entries in Z,,.
In particular, equality holds when h € GL4(Z,), and this includes the case h = p(g)* for
some g € GLy(Zy).

Now, take ¢,d € Z, such that |P(c)|, = |P(d)|, = 1 and K, = K4 We must prove
that ¢ and d are in the same orbit. There are three cases, depending on whether f, is
irreducible, the product of a linear factor by an irreducible quadratic, or the product of
three linear factors. The case when f, is irreducible is most challenging, and we tackle it
in several steps.

The first step is to show that the element f, of Z/pZ[x] obtained by reducing the
coefficients of f, mod p is also irreducible. Since P(c) # 0 (mod p), it follows that f,
can’t have a double zero. If it had a simple zero, then, by Hensel’s lemma, f. would have
a zero in Z,. Thus 72 must be irreducible. This implies that ¢; and ¢4 are in Z;.

Since K4 = K., it follows that f; must also be irreducible and remain irreducible mod
p, and hence that d; and dy must also be units. Acting by a scalar matrix in GLy(Z,)
we can multiply all entries of ¢ (or d) by any scalar in Z. From this, it follows that it
suffices to treat the case when f, and f; are monic.

For the next step, we consider the finite extension Q,[z]/(f.(x)). It must contain a
root of fy. Let 8 = by + b1z + bayx® + (f.) be some such root. A priori, by, by, by are in Q,,.
Our next step is to prove that they are actually in Z, and that at least one of by, by is in
7.

' Suppose not. Then there is a unique positive integer k such that p*by, p¥b;, and p*b,
are all in Z, and at least one of them is in Z). Reducing mod p gives a nonzero element

of the finite field Z/pZ(x)/(f,).

But 3 was a zero of fy(r) = 2®+d3x®+dyx+dy, so p* 3 is a zero of 23 +dsp*a? +dyp®* v+
d,p**. So, its image in Z/pZ[z]/(f.) must be a zero of 23 and this is a contradiction. Thus
bo, b1, by € Zy. -

If we reduce by, by, by mod p we get a zero of f, in Z/pZ[x]/(f,). Since f, is irreducible,
it can’t be in Z/pZ, so at least one of by, by must be in Z;. B -
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Next, we prove that there exist ag, a1, €, €1 € Z, such that (ap + a12) - 8 = (eg + €12)
(mod f.(z)). Indeed, 2® = —(c; + cox + c32?) (mod f.(x)), so for ag,a; € Z, we have

(ap+a1z)B = agby—arbacy + (arbo+biag—arbaca)z+ (aghe +arby —arbacs)z®  (mod fo()).

If by is a unit then we can take a; = 1,a¢9 = c3 — blbgl. And if by € pZ, then b, € Z;. But
then by — bacs is also in Z, and we can take ag = 1 and a; = —by(b; — bocz) ™t

Now we are ready to prove that ¢ and d are in the same GLy(Z,)-orbit. Let a,e¢,
and v be the images of ag + a1z, €9 + ;2 and = in the quotient field Q,[z]/(f.(x)). Note
that (a,e) = (1,7)g where g = (22 &) . Also, S = a~'e. The matrix ¢ has entries in Z,.
We claim that it is in GLy(Z,). If it were not, its columns would be linearly dependent
modulo, p. But if this were the case, then o 'e would be an element of Z;, and it’s not.
Since f7 vanishes at 3, it follows that Fj; vanishes at («,¢). But then Fj ). vanishes at

(1,7), and fa.o(g vanishes at . This forces d- o(g)! to be a scalar multiple of ¢, so ¢ and
d are in the same orbit.

We are done in the case when f, is irreducible. We now consider the case when it is
reducible.

The first step is to prove that, whenever f, is reducible, ¢ is in the same orbit as an
element of the form (¢}, ¢,1,0). Assume min(|cq|p, [c2lp, [c3lp, [calp) = |P(c)|, = 1, and F,
factors as (a1x + agy)(b1a® + baxy + byy?) with all coefficients in Q,. Then it’s not hard
to show that it has a factorization in the same form where all coefficients are in Z, and
there exists i, j such that a; and b; are in Z). But then (ay, a)" is the first column of an
element g of GLy(Z,). Acting by the inverse we may transform (a;x+asy) to x. Thus, any
quadruple ¢ such that F, is reducible is in the same GLy(Z,) orbit as one where ¢4 = 0.
But if ¢y = 0, then P(c) = c3(c3 — 4cics). If all entries are in Z,, and this is in Z), then
c3 € Z, . Since each scalar matrix acts by the corresponding scalar, we deduce that any
quadruple ¢ such that F, is reducible is in the same GLs(Z,) orbit as an element with
¢y = 0,c3 = 1. So, suppose Fy(z,y) = z(c12* + cozy + y?).

If c12? + cowy + y? factors in Q,[z,y] then it factors as (a12 + y)(axx + y) where
a1, az € Z,. Acting by (} ~#) transforms a;z + y to y, while leaving z fixed. Thus, if F,
is a product of distinct linear factors, then it is in the same G'Ly(Z,)-orbit as (0, ), 1,0)
where ¢y = ay — a1. Now, P((0,¢),1,0)) = (c)? so ¢y € Z). Then (écoé) transforms
zy(che + y) to zy(z + y). Thus, any tuple ¢ such that F, is a product of distinct linear
factors is in the same GLy(Z,)-orbit as (0,1, 1,0).

Now suppose 127 + caxy +y* does not factor. If p is not 2 then we can act by (] ~%/?)
to get rid of ¢y. That is, each GLy(Z,)-orbit with a linear factor contains an element of
the form (cq,0,1,0). Since P((¢y,0,1,0)) = —4c;, we deduce (still under the assumption
that p # 2) that ¢; € Z). And since

(Cl707 170) ©0 (8 (1)) - (CL201,0, 170)7

it follows that two quadruples which generate the same quadratic extension are in the
same G'Ly(Z,)-orbit.
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If p = 2 this approach doesn’t work: for example, the GLy(Z,)-orbit of 2? + zy + 3
does not contain any element of the form cx? + y? with ¢ € Z,. However, if 22 + cox + ¢;
and 22 4 dyx + d; generate the same quadratic extension, then a simpler version of the
argument given in the cubic case works. Take v a zero of 22 + cyx + ¢; and 3 a zero of
2 + dax + dy then 8 = by + b1y where by € Z, and b; € Z;. Then c and d - Q((l) Z‘l)) are
unit scalar multiples of each other, and hence ¢ and d are in the same orbit.

O

2.9 The Results of Jiang and Rallis

In this section we briefly describe the main results of [§]. First, we take a continuous
function f : G3(A) x C — C such that

fs(nm(g)h) = [ det g|° fs(h), (17)

for all g € GLy(A),n € N(A) and h € G3(A). (Here, the value of f at h € G5(A) and
s € C is denoted f,(h) rather than f(h,s).) We also select a row vector o € Q?, and let

I°(s, fs) == / fs(won(z,y, z,u,v), s)Y((v,u,y, x) - o) dn,
(Q\A)5

and
00 0 00O O 1O
00 0 00O O 01
00 -1 00 0 00O
wo = 00 0 10 0 00O
00 0 01 0 00O
00 0 00 —-100
10 0 00O O OO
01 0 00 O 0O

Here, the integral over (Q/A) really means an integral over a measurable fundamental
domain, and dn is the product measure. For h; € G5(A), We define R(hy) fs(h) = fs(hhy).
Notice that R(hi)fs is another function which satisfies so I9(s, R(hy)fs) is defined
as well. Moreover, 17 (s, R(m(v))fs) = I7?"' (s, f,), so it suffices to study I7(s, f,) for o
ranging over a set of representatives for the orbits of GLy(Q), acting on Q* via p.

The first main result of Jiang and Rallis states that

1°(s, R(g).-f.) = / El(ng, s: f.)vs(n) dn,
N(Q)\N(A)

provided that o corresponds to a polynomial with distinct roots. Here E(g,s,; fs) is a
certain function G5(Q)\G2(A) x C — C called an Eisenstein series. We won’t go into
the details of this part, but we mention it to motivate the following. From now on we
shall only consider o which are attached to polynomials with distinct roots.
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To describe the next result, we assume not only that f, satisfies , but also that f;
factors as a special type of product. For each prime p, we can define

fop(nm(g)k) = |detgl}, g€ GL(2,Qp),n € N(Qp), k € Ga(Zy).

To see that this defines a function on all of G2(Q),) recall that any h € G2(Q,) can be
expressed as bk with b € P(Q,) and k € G2(Z,). Then b can be expressed as nm(g)
for some n € N(Q,) and g € GLy(Q,). The expression h = bk is not unique, but if
biki = boks then by = b3 with 5 € P(Z,). It follows that, if b; = n;m(g;) for j = 1,2
then go = g1y for some v € GLy(Z,). But then |det |, =1, so |det g1], = | det gal,.

We now assume that

fo(h) = foool(h Hfsp for b = (heo, ha, ha, ..., by, ...) € Go(A),

and that the set of primes such that f,, # f¢, is finite. (Note that this second condition
ensures that the infinite product is always convergent because all but finitely many of its
factors are one.) This ensures that

IU(S7fS) = [go(sa fs,oo) : H[;(Sa fs,p)a

where

5o don) = [ Futomy((e,.9,9)- ) dn,

and I, is defined analogously. Here, dn, denotes the product measure on Qg.
The second main result of Jiang and Rallis is to compute I7(s, f5 ) under some addi-
tional hypotheses.

Theorem 18 (Cf. [8],theorem 2) Assume that 1, is trivial on Z, but not on p~1Z,.

1. If 0 =(0,1,1,0) then

1— —3s 1 — —3s+1 1 — —654-2 1 — —9s5+4+3
Ig(s,f;p)z( p )1 —p )(3 P )L —p™7)
) (1 —p- s+ )
2. If o =(0,1,0,a) with a € Z) such that —a is not a square, then

_ (1 _ p—35><1 _ p—35+1)<1 _ p—63+2)(1 _ p—9s+3>
(1 — p73s+1>(1 _ p763+2) :

3. If o =(1,0,0,a) with a € Z; which is not a cube, then

_ (1 _ p73s)(1 _ p735+1)<1 _ p76s+2)(1 _p795+3)
(1 _p—95+3) ’
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Remarks 19 1. In each case the numerator is the same, and in each case, some part
of it can be cancelled with the denominator but never the same part.

2. The result can also be expressed in terms of “zeta functions” of non-Archimedean

local fields.

3. Jiang and Rallis actually prove the corresponding result for any non-Archimedean
local field, not just Q,.

4. For k € GL(2,Z,), we have

o-p(k)t o 70 o
Ip olk) (S7fs,p) - ]p (Safs,p)‘

So, the result actually determines the value of I} (s, f;p) for any o = cw;' € Z?; such
that P(c) # 0 and K, is either Q,, or the quadratic extension obtained by adjoining
the square root of a unit, or the cubic extension obtained by adjoining the cube root
of a unit.

5. The restriction to a € Z; is not such a big deal. For any fired ¢ € Q* with
P(c) # 0, we have P(c) € Z) for all but a finite number of p. If a quadruple ¢ such
that P(c) € Z) is in the same GLy(Zy)-orbit as an element of the form (0,1,0,a)
or (1,0,0,a), then a must be in Z).

6. The assumption that 1, is trivial on Z, but not on ]%Zp is a natural one. If ¢ =
[1, ¥ is any character of A, then there are only finitely many p where it does not
hold. And, since we work over Q rather than an arbitrary number field, we can take
¥ to be the function e introduced before, and then the assumption is true for all p.

7. The restriction to cubic extensions which are obtained by adjoining the cube root of
a unit is more restrictive. Indeed, if p = 2 (mod 3) then it follows from Hensel’s
lemma that every element of Z,; is a cube.

In order to motivate the results of Pleso, we briefly describe some of the methods in
Jiang-Rallis. First, note that

won(x,y, z,u, U)wal =n (—z,y,2,u,—v).
It follows that

fg(s,f;’,p)://///

Qp Qp Qp Qp Qp
fon(n™ (=2, y, 2z, u, —v)) Y, ((v,u,y, x) - 0) dv dy dz dudv,

S7p

:I++I,,
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where

w11

ZT—’ QP QP Qp QP
fo (" (—z,y, z,u, —v)) Y, ((v,u, y, x) - 0) de dy dz du dv,

s?p

and /_ is the similar integral where v is integrated over Q, — Z, and each of the other
four variables is integrated over Q,. Now,

n (—z,y,z,u,—v) =n (—x,y,2,u,0)n"(0,0,0,0, —v),
If v e Z,, then n7(0,0,0,0,—v) € G2(Z,), so
fop(n™ (=z,y,2,u, —v)) = f0,(n" (=2, y, 2,u,0)).
Moreover, if we assume o € Z;ﬁ, then v € Z, implies ¢, (01v) = 1. Hence,

Lr:////f;p(n(—x,y,z,u,O))z/Jp((O,u,y,m)-a)dxdydzdu,

Q Qp Qp Qp

As we mentioned before, each of the roots of the G5 root system corresponds to a
one dimensional subgroup of the group G5, and the groups N and N~ are each formed
by bundling five of those groups together. For each root 7, we have made a choice of
parametrization z, from R to the corresponding group.

Now, for each root 7 there is a homomorphism ¢, : SLy — G5 such that

z,(a) = ¢y (é Cf) z_(a) = ¢, CL (1]) :

If ve Q,—Z,, then the following S Ls-identity

00 "

gives rise to a Gy-identity

_ 0 1
o sal0) = WL rwsss(hm (1)

Now, (_01 UL) € Go(Z,) and

h(1,v)n" (=, y, z,u,0)h(1,0™ ") = n~ (—vz,y, v 2,v  u, 0),
SO
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/’////

QP QP QP QZ)
fop(h(1, 0™ —vx,y, v 2, v, 0) 20y 35(— )0 ((0,u, y, @) - o) do dy dz du,

/’////

ZZ’ QP QP QP QP
T o (2,5 0 )00, o) ddy d .

For the second identity, we used and made changes of variable in z,u, and z.
Moreover,

n(_x7 Y,z,u, 0).Ta+35(—?))
2

= Tor3(—0)zs(uv)n” (=2 + vz — Juvy + vy — v, 2 — udv, u, 0).

Making additional changes of variable, we obtain

[ [ ][ copeuo)

Qp_zp Qp QP QP QP
(0, uv, y + u?v, v /v + 2 — 3uy — 3u*v) - o) dr dy dz du.

The next step is to split each of the integrals I, and I_ into two pieces based on whether
u € Z, or u € Q, —Z,. After that, we can split on z and y, eventually obtaining an
expression of the original I7(s, fg ) as a sum of sixteen integrals, I, to I____ each of
which involves only fs (n™(—x,0,0,0,0)), at the expense of having a more complicated
expression inside of ¢. For example I | corresponds to taking all variablesin Z,, I,
corresponds to all in Z, except u, which is in Q, — Z,, and so on. Following Pleso, we
abbreviate n~(—z,0,0,0,0) to n~(—x).

2.10 The Results of Pleso

By restricting their attention to cubic extensions which were obtained by adjoining a cube
root, Jiang and Rallis could benefit in two ways. First, they could assume that, in the case
when o was attached to a cubic extension, it was of the form (1,0,0,a). This simplified
the argument of ¢ because some of the complicated expressions that would otherwise have
entered were multiplied by 0. So, each of their sixteen integrals was simpler than it would
have been if they’d considered the more general form (1,0, b, a). Second, the assumption
assures that certain finite fields which arise in their calculations contains three cube roots
of 1, and they were able to use this to their advantage in computing some of the sixteen
sub-integrals.

In order to extend the results of Jiang and Rallis to the case when the roots of the
polynomial g, attached to o generate a cubic extension which can’t be generated by
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adjoining a cube root, one has to do two things. First, one must re-do the bifurcation
process, keeping track of the additional complexity that appears in the argument of 1
when o = (1,0,b,a) with b # 0. Second, one must compute the sixteen generalized sub-
integrals thus obtained. In some cases, this is a straightforward matter of checking that
the arguments given by Jiang and Rallis in the b = 0 case still work. But in other cases,
new ideas are required.

3 Some Technical Lemmas

Throughout our computations, we assume that 1, is a continuous homomorphism Q, —
C* which is trivial on Z, but not on p~'Z,. For simplicity, the reader may assume that
it is e,,.

The following are some technical lemmas that are applicable to multiple cases in the
computations.

Lemma 21 For anyc€ C, a € Q,, and k € Z,

c dr=cp*

{z€Qp:|lz—alp<p~*}

Proof. Indeed, {z € Q, : |t —al, < p~"} is precisely the open ball a+p*Z,. As discussed
in the Haar measure section, this ball has measure p~*. And, as with Lebesgue measure,
the integral of a constant function over a measurable set is simply the constant times the
measure of the set. U

Lemma 22 (Change of Variables) Tuke v € Q), and ¢ € Q,, and let f : Q, — C
be an integrable function. Then the functions g, h defined by g(x) = f(vz) and h(x) =
f(z + ¢) are also integrable, and their integrals are given by

dr = |v|-! dz,
pr(vx) T = |v], /pr(z) z

and
f+eyde= | fly)dy.
Qp Qp
This is expressed by saying that if z = vx then dz = |v|, dx and dy = dz.

Proof. The integral of an arbitrary measurable function is defined by approximating it
with step functions as in , so it suffices to treat the case when f is a step function.
Since both sides of each formula are linear in f it suffices to treat the case when f is
the characteristic function 1,4,k for some a, k. Clearly, r +c € a + p*Z,, if and only if
T € a—c+ p‘Z,. Then

a-+p

flatedo= [ Ly =Volla=ctpt) =™
Qp p
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and

fly)dy = / 1, = Vol(a+p*) =p~*.
Q, Q

Notice that this is just the invariance property of the Haar measure. Similarly, vz €
a+ p*Z, if and only if z € v=ta + pF=r4™Z  Thus

o f(vz) de = Vol(va + pF~or% W7, ) = pordr()=k — |v|;1/Q f(2)dz.

Lemma 23 For any a € Q,,

/ Yy(az) dz = 1z, (a).

This lemma is quite well-known, but the proof is short and nice, so we include it.
Proof. If a € Z, then ax € Z, for all x. But then ¢(ax) = 1 for all z, and we
just get the measure of Z,, which is 1. If a ¢ Z, then 1) is not trivial on aZ,. Choose x
such that v, (axy) # 1. Then

[ vtas)da = [ wtata+ o)) de = vy a0) [ vyas)da,

which forces the integral to be 0. U

Lemma 24 Let 1z, be the characteristic function of Z,. That is, 1g,(t) is 1, if t € Z,
or 0ift ¢ Z,. Then

/ Uy(—at) dz = 1z, () — p'1z, (ot).

Proof. Express the left hand side as the integral over Z, minus the integral over pZ,.
Apply lemma [23| to the first integral. In the second integral, use lemma 22| to substitute
y = px. As x ranges over pZ,, y ranges over Z,, and so lemma [23| can be applied again.
OJ

Remark 25 Replacing ,(—xt) by ,(xt) on the left hand side does not change the right
hand side, since 1z, is an even function.

Corollary 26 Leta,b€Z, c€ Q,, u€ Q, —Z, and u = pup”. Then

-1
/ |u|gs+bwp(cu) du = Z p—U(as+b+1) /wp(chU) d/~L
U=—
z;

przp

_lf(:(:ib [(1 _ |C|;as—b—1) _p—l(l _ |C|;as—b—1pas+b+1>] . c€ Zp7
07 C ¢ Zp.
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Proof. The first equation holds because Q, — Z,, is the countable disjoint union of the
sets pUZ;, for U from —1 to —oo. We plug in u = pYu and use lemma Each of the u
integrals can then be computed using lemma yielding

-1

Z p_U(aS+b+1)(ﬂzp(CpU) . p—llzp(ch-&-l))‘
U=—c

Since cp¥ (respectively, cpU*!) is in Z, if and only if U > —ord,(c) (respectively
—ord,(c) — 1), we obtain

—1 -1
Z p—U(as+b+1) . p_1 Z p—U(as—‘rb—i-l).
U=—ordy(c) U=—ordp(c)—1

Summing these finite geometric series yields

p(as+b+1) as+b+1)(ordy(c)+1) _lp(as+b+1) as+b+1)(ordy(c)+2)

— B —
1 — pas+bel p 1 — pestbHl

Plugging in |c|, = p~°%(©) and simplifying gives the second identity. O

Lemma 27 Fors € C, ifa € Z,, then

1—p™ 3s—1_1—3s
fon( z))p(ax) dv = 1——pl—38(1 — lal* " p ).

Otherwise, the integral vanishes.

Proof. We split the domain of integration into two pieces: Z, and Q, — Z,. If x € Z,
then n~(—x) € Gy(Z,) and hence f; (n~(—z)) = 1. By Lemma we get

/f op r))Yp(ax) dv = 1z, (a) dz.

If |z|, > 1 then we use the identity (20) and an embedding SLy — G2 to check that
fop(n™(=x)) = |x|;3s. We can then apply corollary [26| to compute this part.
Combining the two parts gives

—(3s—1) _ ,,—(3s—1)|,]3s—1
p p |a| sl 135
/f s,p z))Yp(ar) dz = 1—p-GsD P —p° ]a\; Pl

Now we find a common denominator, expand and simplify the expression to have

/ 12, (0" (~2))y (az) d

B 1 —p —(3s—-1) _p73s|a|2371 +p7(6371)|a|'§;371 _I_pf(?)sfl) —p (3s—1) |a|3571
o 1 — p7(3571)
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1= p_35|a’28_1 +p_(68_1)|a’28_1 - p_(35_1)|a‘28_1 C1l—p® 1 35—1, 1—3s
= 1— p-Gs1) 1 _p1—35( —laly" ).

U

Lemma 28 Let h € Z,[r,y,u] be a polynomial in three variables with coefficients in Z,,
and for any negative integer V, let

S(V) ={(r,y,u) € (Z/p~"Z) x (Z/p"Z) x (Z/p~"Z) | h(r,y,u) = 0}.
Then, for each V., reduction mod p=V gives a well-defined function p: S(V —1) — S(V).

Proof. Indeed, if (ri,y1,u1) and (79, yo, uz) are equivalent modulo —V + 1, then they
are equivalent modulo —V, and if A(r,y,u) is 0 modulo —V + 1, then it is zero modulo V.
O

Remark 29 In some of our applications one or more of the variables is restricted to
(Z/p~VZ)*. The lemma remains true in this context with the same proof, since an element
of Z/p~V1Z is a unit if and only if its image in Z/p~V'Z is.

Lemma 30 Let h,V and S(V) be as in lemma . Let h be the image of
(hy(t), hy(t), hu(t)) in (Z/pZ)?, and suppose that it is not zero. Here h, is the partial
derivative of h with respect to the variable r and so on. Then, for allt € S(V),

#{a € S(V —1)lp(a) = t} = p*.

Proof. Fix t = (rg,y0,up) € S(V). The number of a € (Z/p~V*Z)? such that p(a) =t
is p®, and we can express each element uniquely as a = (ro +p Vo, 50 +p~ VB, uo+p~ V"),
with a, 8,7 € Z/pZ. We can plug in a Taylor expansion in each variable, and higher order
terms vanish modulo p~2". Hence

h(@) = h(t) + p~ (ahe(t) + Bhy(t) + 7hu()) mod p~2V.

Since h(ro, Yo, uo), is divisible by p=", we can write it as —p~Vd, for some d € Z,.
Then

h(a) =0 mod p™" ™ <= (ah,(t) + Bhy,(t) + Yh,(t)) = —d mod p.
This expression can be written as a matrix representation;

(h) B8] =d
7

This is a linear equation in three variables over the field with p elements. If d = 0, then
its solution is a two dimensional subspace of (Z/pZ)3. If not, it’s a coset of that subspace.
In either case, it has p? elements. O
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Corollary 31 Let S(V) be defined as in lemma using a polynomial h such that h,
defined as in lemma |30 is nonzero. Let N(V') be the number of elements in S(V'). Then
N(V —1)=p*N(V).

Proof. Notice that by Lemma #{a € S(V —1)|p(a) = t} = p?, for each element
of S(V). So the number of elements in S(V — 1) is simply the number of elements in
S(V — 1) that map to each element in S(V), p?, times the amount of elements in S(V),
N (V). Therefore N(V — 1) = p?N(V). O

4 Computations

We compute all 16 pieces of I7(s, f7,) when o = (1,0,b,¢) with b,c € Z such that
go(u) = —ud +bu + c is irreducible, and all p =5 mod 6. Some of our results do not need
all of these conditions to be satisfied. Throughout this section, ¢ is fixed, and we denote
g, simply as g.

We remark that the values of I Iy Iyy T T o T, T, |
I ., ,and I_, _ were already computed by Pleso in [I12]. We include them here for the
sake of completeness. The first four may reasonably be attributed to Jiang and Rallis in
[8], since, as Pleso points out, the coefficient b, which is zero in Jiang-Rallis and nonzero
here, does not appear at all in them.

Case 1 (I144+)
Lt :/f;p(”(_x))wp@) dz.

Applying Lemma notice that since |1|, = 1,1 € Z,, so the solution to the integral
is as follows:

° — 1 _p_38 s—1,—3s —3s
Ly = /fs,p(n (—2))p(x) do = m(l — ) =1 - p7

Case 2 (144 4_)

Ly = / |y| 98+3/fsp wp(xy ) dx dy.
Qp—7Zp

Notice that since |y|, > 1, then |¢?®|, > 1, which implies that y* ¢ Z,. By Lemma ,
the integral vanishes.
Case 3 (144 _4)

T L s / 12 (0 (=) pz) dr dy dz.
Qp ZPZP

Notice that since |z|, > 1 then z ¢ Z,. By Lemma[27] the integral vanishes.
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Case 4 (I44__)

L= [ [ s Coluly o -2 [l s) dudy
QP_ZPQP_ZP QP

Notice that since |y|, > 1 and |z|, > 1, then |y*2z|, > 1 which implies that y3z ¢ Z,,.

By Lemma 27], the integral vanishes.
Case 5 (_[+_++>

I, .= / //]u\p95+4¢p(bu—u322—3uy2—3u2yz)/f;p(n(—x))wp(x) dx dz dy du.
Qp

QP_ZP Zp ZP
Notice that the integral with respect to x is identical to the integral with respect to x

in Case 1 (Iy,,). Let ¥y(a,d) = a® + 3ad + 3d*. Then,
Lo =) [ [ [l 0y ou — wis(az. ) d=dydu

QP_ZP ZP ZF

Applying Corollary [26] we get,

-1
=) > pUee / / / bp(bup” — pp” b (up" 2,y)) dz dy dp.

L yi=0-p
U=—o0 Z;f Zy Zy
Let w = ppYz = 2z = p~'p~Yw. Then, 2z € Z, < w € pUZ,. Also, by Lemma

dz = pY dw. So,

Ly =(1—p™) i p Vot / / / bp(pp” (b= (w,y))) dw dy dp.

U=—c Zz>7< Z, pUZ,

Applying Lemma [24]
-1
Lovo=(-p®) 3 5 [ [ 1 68 (6= i)
U=—c0

Zy pUZp
—p 1z, (b — ¢1(w, y))) dw dy.

For k€ Z,k > 0, let

Skp = {(w,y) € Z2:b— ¢y (w,y) € p*Z,}.
103
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Notice that, for any nonpositive integer U,
Sew = {(w,y) € pYZ, x Z, : b— Y1 (w, y) € pFZ,}.

That is, allowing w to range over the larger set pUZ, does not add any elements for if
ord,(w) = W < 0, then ¢, (w, y), and hence also b—1; (w, y), will have order 2W < 0 < k.
Now, the set Sy, is a union of p*Z, x p*Z, cosets, since the truth or falsity of the
statement “b — ¢ (w,y) € p*Z,” only depends on the image of w, and y in the quotient
ring Z,/p*Z, = Z/p*Z. Thus if

V(k,b) := Vol(Skp) = //lzp H(b— 1 (w,y))) dw dy,

Zy Zp

then for £ > 1,

V(k,b) = p~*#{(w1,y1) € (Z/P"Z)* : 1 (w1, 1) =b mod p*}, (32)

since each coset of kap x pF Z,, has volume p~2F. Further,

Ly =(1-p™) Z p VCH (V(=Ub) = p 'V (=U = 1,b)).

U=—0

Proposition 33 Let p be a prime such that p =
k #{(wi,p1) € (Z/PPZ)?  hi(w,y) = b} = (p +

Proof.

Since p = 5 (mod 6), the finite field Z/pZ contains no nontrivial cube roots of 1. so
the polynomial z% + x + 1 is irreducible over Z/pZ and a zero « of it generates the unique
quadratic extension F 2. Note that if « is one of the zeros of 22 + x + 1, then the other
one is o, which is also a?, because o® = 1 and p = 2 mod 3. Each element of F,2 has
the form ¢ + da for ¢,d € Z/pZ, and the norm

5 (mod 6). Then for any positive integer
1)p*=

N(c+da) = (c+ da)(c+ daf) = (c + da)P™ = ¢ — cd + d?

maps F,2 to (Z/pZ). For y,w € Z/pZ, we can now recognize ¢ (y,w) as the norm of
Yy + w — wa. So, when k& = 1 we are counting the number of elements of Fj2 of norm
b. Since F; is a cyclic group of order p? — 1, whose unique subgroup of order p — 1 is
(Z/pZ)*, and since N(£) = &P it follows that each element of (Z/pZ)*, is the norm of
precisely p + 1 elements of FZQ. This completes the case k = 1.

We now proceed by induction. Note that

Uy (wy 4+ wep®, y1 + y2p®) = Yy (wr, wa) + pF((2wy + 3y1)ws + (Bwy + 6y1)y,) mod pFtl.

Also, if ¥y (wi,y1) = b # 0 mod p* with k > 1, then (wy,7;) # 0 mod p. But then
(2w 4 3y, 3wy + 6y1) # 0 mod p, since [% 2] is nonsingular mod p. But then

(w2, y2) = (2wy + 3y1)w2 + (3wy + 6y1)y2
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is a nontrivial linear map Z/pZ?* — Z/pZ, so it is surjective and each of its fibers has p
elements. It follows that the number of solutions to 1, (w,y) = b mod p**! is precisely p
times the number of solutions mod k. This completes the proof. U

Combining proposition 33| with equation , and noting that when £ = 0, the set
Sk 1s clearly all of Z]%, which has volume one, we obtain.

1, k=0,
ViknE) = { L+pp™", k=1

Hence, V (k,b) — p~ 'V (k — 1,b) is equal to

A+p )t =p ') =p +p? —p i =p k=1,
Q+p p*=p A +p " =0 +p ) —p M) =0, k=2
Going back to the integral, we now know V(=U,b)—p 'V (=U—1,b) = p 2if U = —1,
and zero otherwise.

Therefore,

,33) —9s+4 -2 _ (1 _ p73s)p79s+2.

Ly =(0—-p)p p

Case 6 ([4_4_)

I++:// / |yp95+3|u|p95+4wp(—3uy(y+uz)—u3z2)/f;p(n(—x))wp(acy?’)dxdudydz.

Zy Zp Qp—Zp Qp

Notice that the integral with respect to x is identical to the integral with respect to x
in Case 2 (I,4,_), and we’ve proven it vanishes. Therefore the integral vanishes.

Case 7 (I4—_4)

I, = / / / ul, 2t 2| 0 2, (—u?2? — yP2? = 3uPy2? — Buy®2?) / fe,(n™(=x))y(z) do dudy dz.

Zyp QP_ZP QP_ZP Qp

Notice that the integral with respect to x is identical to the integral with respect to x
in Case 3 (I,,_), and we've proven it vanishes. Therefore the integral vanishes.

Case 8 ([4—__)
| P / / / w0 |82y -3y (822 — 2% — Buys? — Buy?s?)
Zp Qp Zp QP

/f,p 7))y (vy°2) dx du dy dz.

Notice that the integral Wlth respect to x is identical to the integral with respect to x
in Case 3 (I;4__), and we've proven it vanishes. Therefore the integral vanishes.
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Case 9 (_[_+++)

I, = / /|v| 38-1-11/}1) (cv — uv + buv) /fsp ))¢p(xv_1) dz du dv.

Qp—2Zp Zp

1

Notice that since |v], > 1, then ord, v < 0. Considering v™!, notice [v7!|, = p>¥¥ < 1.

So this implies that v~! € Z,. By Lemma 27

1 _ S Ss— —3s
Ite = (1 _ —3$+1 / / o], > v P p T ey (cv — wPo 4 buw) du do
Qp—2Zp Z,
1—
- 3s+1 / / |U‘1 5 |U‘2 G535t ), (cv — v + buv) du dv.
QP Zp Zp
1 — P —3s

— m[H(1 —3s) —p'"*H(2 — 65)],

where

H(\) = / / w2y (cv — uPv 4 buv) du dv.
QP_ZP ZP

Applying Corollary [26]
-1
= / Z p~ VD /wp(pvy(c —u® 4 bu)) dv du.
Z, V=—00 Z;;

Applying Lemma [24]
H(\) = Z p VAL / 1z, (p" (u* —bu—¢)) —p~ "1z, (p" " (u® — bu — ¢)) du.

V=—00 Z,

For a nonpositive integer V., let

h(V) = / 1z, (p" (u* — bu — ¢)) du = Vol({u € Z,, : |u* —bu —c|, < p"}).

ZP
Then,
H(\) = Z p~ O (M(V) = p~ h(V + 1)),
V=—00
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By Lemma |21],
Vol(Z,) =1, V=0

— p )
h(V) = { N(b,c)p”, V<O,

where N (b, ¢) € {0, 1,3} is the number of zeros of g(u) = —u*+bu+cmod p. In particular,
N(b,c) = 0 when g is irreducible. Thus,

_ N(b,c)pt —pt, V=-1
hV)=p th(V +1) = ’ ’ ’
(V) =p—h(V+1) {o, Ve 1
and hence
H(\) = p*(N(b,e) = 1)p~!
= pM(N(b,c) = 1).
Therefore,

Iy = m[ﬁfssﬂu\/(b, )= 1) —p ¥Hp (N (b, ¢) — 1)]

= (1 _ p735)<N(b, C) o 1)<1 — p_3s+1 )p*38+1 _ (1 o p73s)<N(b’ C) o 1)<1 +p733+1)p735+1

= (1 =p )N (b,c) = (p~>* +p~>).
In particular, when g is irreducible,
[7+++ — _p73s+1(1 _ p73s)(1 +p73s+1).

Case 10 (1_44-)

I, = / / /|v| Sy P By, (cv — uPo — Buy + buw /fsp —2))by (20~ y?) da dudv dy.

Qp—2Zp Qp—2Zp Zyp

If v=ly* ¢ Z, then the z integral vanishes. So Lemma yields a new integral where
the condition |y*|, < |v|, must be incorporated into the domain of integration:

_ 1-p .
ST, SH/ // [v], 2 yl, 2P (cv + buv — wPv — Buy) (1 — v~y (2" 3Jrl)di'olydu7W(FI(I 35,3 — 9s) — p' " H(2 — 65,0)),

Zplvlp>[y?lp>1

where

H(\ p) :/ // |y]]‘;]v|2wp(—3uy+ (c+ bu — u*)v) dv dy du.
Zplolp>ly3p>1

Applying Corollary [26] in both y and v,

1
)\,u /Z Z P u+1)+V()\+1)/¢ 3up ’7d7/¢p C—I—bu—u)p V)dydu

Y=—0c0 V=
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Applying Lemma

-1
Z Z Y )V (1) /(Ilzp(Bqu) Mg (Bup )
=—o00 V=—00 Z,
(1z,((c+bu—u®)p") — p~ "1z, ((c + bu — u’)p" ™) du.

We now make use of the assumption that g(u) is irreducible mod p. It follows from
this assumption that g(u) € Z) for all u € Z,. Also, it follows that 1z, (g(u)p") =
1z, (g(u)p*tt) =0 for all V < 3Y < —3.

Therefore H (A, 1) = 0, so the integral vanishes.

Case 11 (14 _4)

I = / / / /M 38+1|Z| 6s+2¢p(2+cv—u v+ buv — 3uyz — v 11/322)

/fsp 2)), (v r2) dr du do dy dz.

By Lemma [27],

1_p—3s 4 e - o
L+7+:m // //’v’p3+1‘2’p6+2(1_|v 1212 Ly—3st)

[vlp>|2lp>1Zp Zp

Vp(2 + cv + buv — uv — 3uyz — v 'y?2?) dudy dv dz.

Let z = rv. Then by Lemma [24], dz = |v|,dr. So

1 _p—3s o e e
L= T postl // //|v|p9 | 02 (1 — |3 tp et

[v=tp<|r|p<1Zp Zp

Yp(v(r + ¢+ bu — u* — 3uyr — y*r?)) du dy dv dr.

Applying Corollary [26]

—ord(r)—1

1_ S - S s—1, —3s
L= [ ] 2 )

Zy Zp Zy

/wp(ypv(c +bu —u® +r — 3uyr — y*r?)) dv dudy dr.

X
ZP
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Applying Lemma [24]

—ord(r)—1

L+7+: — _3S+1/// Z |7"’ ~6s+2))— 9s+5)( —]r|§s’1p’3s“)

Zp Zp Zop

(1z, (" (g9(w) — h(u,y,7))) —p "1z, (" (g(u) — h(u,y,7)))) dudy dr,

where g(u) = —u®+bu+c and h(u,y,r) = 3uyr+1y°r? —r. There are two possibilities:
either r € Z or not.

Consider first r ¢ Zx. Then r € Z, — pZ,. Since u,y € Z, then h(u,y,r) € pZ,. How-
ever since g(u) € Z) then g(u)—h(u,y,r) € ZY. Therefore 1z, (p~"(g(u)—h(u,y,r))) =0,
for all & > 0.

Now consider r € Z;. Define

= #{(r,y,u) € (Z/p™VZ)* x (Z/p™"Z) x (Z/p™VZ) | g(u) — h(r,y,u) =0 mod p~"},

///HZP g(u) = h(u,y,r))) dr dudy

Zy pZX

= VOI{(Ta Y, u) € Z; X ZP X ZP’p_V(g(u) - h(r,y,u)) S Zp}

Then, H(V) = p*¥ N(V), and

Lo (1=p™) 3 p V() = H(V + 1)),

V=—00

Conjecture 34 For all primes p=2 mod 3, N(=1) = p*>—1 (for allb,c in Z such that
g 1s irreducible mod p).

This restates conjecture [2| from the introduction, and is proved by Scharaschkin in the
appendix.

Corollary 35 If p=2 mod 3, k an integer, k < 0, then

p-1 ifk=0,

H(k) = VOI{(T7y7u) € Z; X ZP X Z;D |pk(g(u) - h(r,y,u))) € ZP} = { p2;1€k’+1) ka < _1.

Proof. Let us show first that when k& = 0, H(k) = %. Notice that for all p, the
volume of the set Z,, is 1 and the volume of the set Z is simply 1%1. Then the volume
of the Cartesian product ZX x Z, x Z, is just (22)(1)(1) = 1%1. Now we must show
the case where k < —1. Notice that by conjecture , H(k) = p**N (k) implies H(—1) =
PV —1) = Pngl = (’%)(p*1+1). So the base case where k = —1 is satisfied. Assume

the statement is true for all k € {—1,-2,..,k'}, i.e. H(k) = p**N(k) = (’%)(pk“).
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Then the next case by definition is, H(k' — 1) = p** VN (K’ — 1). By Corollary ,
N(k —1) = p*>N(k), for all k < —1. Therefore,

H(K = 1) = p" V" )N(K) = p* p* N(K) = p (p* N(K))

2 2
., pr—1 / pe—1 i_
=p ' (F5) ") = (F5) Y.
p p
Hence, case k = k' — 1 is also SQatisﬁed. By the Principle of Strong Mathematical
Induction, for all k < —1, H(k) = (Z5)(p**). O
Therefore assuming p = 2 mod 3, we can apply Corollary [35]

- (p2;1)_p—1p;1:p;31’ itV =-1,
H(V) —=p 1H(V+1):{ 21y, Vi 11y V2
() @) = p () (V) =0, iV < 1

Therefore,

35y, 95450 — 1 _ “1y, - sy - -
I_+_+ — (1—]? 35)p 93+5(p_3) — (1—]9 35)(1_p 1)]? 9s+3 _ (1—]7 38)(]9 9s+3_p 95+2)'

Before moving on to the next case, we remark that, even without conjecture (34| we
can say that H(k) =p 'H(k + 1) for k < —1, and hence that

) N(*l);pzﬂﬂ V=—1
HV) —p 'H(V +1) = N
(V) =p  H(V +1) 0, Vel
and N(-1)
L y=0=p)p 1 -p+ T)

Thus, conjecture [34] can actually be deduced from Xiong’s result, by way of our results
on the other fifteen sub-integrals.
Case 12 (/_;__)

I, = / / / /wp(z + cv — uPv + buv — 3uyz — v 1y32?)

przp przp przp ZP

o, el 2l [ S () e 2) o du d du .
Qp

By Lemma [27, if v"'y3z ¢ Z, then the x integral vanishes. Hence we obtain a new
integral where the domain of integration includes the constraint v='y3z € Z,,.

I - 1_—p_3s o] 735 |5 |52 |y | ~0+3
et T p3s+l p p p

Qp—2Zp Qp—y3Zyp y=3vZp—2Zp Zp
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3
Vp(2 + cv — udv + buv — 3uyz — v P22 + v ayd2) (1 - |%|28_1p_33+1) dudz dv dy.
v

Let z = rv, then dz = |v|,dr. This implies that |rv], > 1 <= ||, > |v[;}
lyPrl, <1 <= |r], <|yl,*. Therefore [y|} < |v],. Hence,

]-_p_38 —9s —6s —9s s—1,-3s
e A I B A e (R R

Qp—Zyp |v]p>yl3 \v|;1<|r|p§|y\;3 Zy,

Uy (v(r + ¢ — u? + bu — 3uyr — y*r?)) dudr dv dy.

Notice that |y*r?[, < |rl, < [y[,® < p~*, which implies that |yr|, < [y|plyl,? <
lyl,? < p~2. Let v =p"v and y = p*~, with v,y € Z%. ByLemma . dv = p~Vdv and
dy=1p de Applying Corollary.

-1 3Y -1

I, = Z Z ‘e V(5—9s)—Y (4—9s) / |r|12?_65

Y=—0c0V=—00 pv<\r|p§p3y

// /¢p(pvv(r + ¢ —u® + bu — 3up” yr — (p¥7)*r?)) dv dy du dr.
Zp 70 7%

By Lemma [24]

/¢p(pvy(r + ¢ —u® + bu — 3up¥ yr — (pY7)3r2)) dv

Z;

V+1

=1z, (pvy(r +c¢—ud + bu — 3up¥ yr — (pyv)3r2)) - pfl]lzp (P Mwlr+c—ud 4+ bu — Sup? yr — (pyv)3r2)).

Assuming that u? — bu — ¢ is irreducible mod p (b,c € ZX) and p > 3 makes p"v(r +
¢ —ud+bu—3up”yr — (p¥'v)*r?) ¢ p~'Z,. Therefore 1z, (pVI;/(r +c—ud + bu — 3upY yr —
(pY7)3r?)) = 0 and the integral vanishes.

Case 13 (/__44)

S / / //% vg(u) — (2uz + 3y)u? (w2 +3y% + 3uyz)u)

(%
Qp—2p Qp—2p Zp Zyp

o] 73541 [u 954 / 12, (0 (=) (v 12) der dz dy du o,
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where g(u) = ¢ + bu — u?.
Notice that v ¢ Z, which implies that ord,(v) < 0, and hence that v~! € Z,. By
Lemma [27]

]'_ s s —113s—1, —3s
A / / //lvl Sl 21— o T

Qp—2p Qp—2Zp Zy Zy

2,2 2
Pp(vg(u) — (2uz + 3y)u* — (u?z” + 31/U + 3uyz)u

)dz dy dudv.

Let y = vy1, 2 = vz;. By Lemma 22 dy = |v], dy, and dz = |v], dz.

1—p —3s+3|, (—9s+4(q ~1(3s—1, —3s+1
| B :m vl ul, ™ = o [T )

Qp—2Zp Qp—Zp v-1Zy, v 1Z,
Vp(v(g(u) — (2uzy + 3y1)u® — ((uz1)® + 3yi + 3uyr21)u)) dyy dz du dv.

Lemma 36 For all u,y, 2 in the domain of integration, the order of g(u) — (2uz; +
3y1)u? — ((uz1)? + 3y} + 3uyr21)u is equal to 3ord,(u). In particular, it is at most —3.

Proof. Since
ord,(u) < 0 it follows from the strong triangle inequality that ord,(g(u)) = ord,(u?®) =
3ord,(u). We claim that this is the minimal order among the three summands.

First, notice that since y1,2; € v™1Z,, it is true that both ord,(z;) and ord,(y;) are
positive, so ord,(u) is strictly smaller to them. Using this, it is sufficient to show the
order of the first summand is smaller than the other two. We will only show the case
of the second summand, since the third follows analogously. Since 2 and 3 have zero
order, then ord,(2(uz;)u®) = ord,(u’z1) = 3ord,(u) 4+ ord,(z1) > 3ord,(u). Similarly,
ord,(3y1u?) = ord,(y;u?) = ord,(y1) + 2ord,(u) > 2ord,(u) > 3ord,(u) (again because
the ord,(u) is negative). Then ordp((2uzl + 3y1)u?) = ord,(u*z + y1u?) = ord,(uPz) +
ord,(yiu?) > 3ord,(u). Therefore, the order of the first summand is smaller than the
orders of the other two, and that means 3 ord,(u) is the order of the sum. O

In view of Lemma [36] it follows from Corollary [26|and Lemma[24]that /___ | vanishes.

Case 14 (I__,_)

I__+_ — / / / / \v[;35+1|y\;95+3|u\;95+4

Qp_Zp Qp_zp Qp_zp Zp

wp(vg(u)—(2uz+3y)u2— (w2 +3y" + 3uyz)u) /fso’p(n(—:c))wp(ley?’) dx dz dy du dv.

v

where g(u) = ¢+ bu — u?.
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If v='y* ¢ Z, the x integral vanishes. Note that v~'y® € Z, is equivalent to |y[> < |v],.
By Lemma [27]

1_ —3s+1 gs+3 gs+4
s ] e

Qp—Zyp [v|p>|yl3>1 Zp

(u?2? + 3y* + 3uyz)u
v

Vp(vg(u) — (2uz + 3y)u® — )1 = oy P p ) dz do dy du.
Let y = vy1, 2 = vz, Then 2, € v7'Z,, and |v];* > |y[} > |v|,®. Also, by Lemma
22| dy = |v],dy, and dz = |v],dz. Hence,

1 —p*SS —3s —9s —9s s—1 —3s
L_+_:W / / / / \U’p&+3|y\p9‘+4fu|p9‘+4(1—|U 3‘3 Lp=3s+1)

Qo=2p Qo=pZp |ofp2|1[3> [0l v Zp

Up(v(g(u) — (2uz1 + 3y1)u? — ((uz1)? + 3y7 + 3uy,21)u)) dzy dyy dv du.

Notice that, inside of 1,, we have the same function as in I__ ;. Let’s check
if Lemma is still true. First, note that each of the variables zi,y; ranges over a
subset of pZ, which depends on v, while u ranges over Q, — Z,. Hence, ord,(z;) >
1 > ordy(u). Then ordp(Q(uzl)u) = ord,(u®z1) = 3ord,(u) + ord,(z1) > 3ord,(u)
and ord,(3y;u?) = ord,(u*y;) = 2ord,(u) + ord,(y1) > 2ord,(u) — 2/3ord,(v) >
2ord,(u) > 3ord,(u) (Since the order of both u, v is negative). So, ord,((2uz; 4 3y;)u?) >
min(ord,(u®z;), ord,(u?y;)) > 3ord,(u). An analogous argument can also be made for
the third summand. Once again, the order of the first summand is smaller than the
orders of the other two, so Lemma [36] holds.

In view of Lemma it follows from Corollary 26/and Lemma[24)that /___ vanishes.

Case 15 (I___4)

I,,,+ — / / / /’U|p38+1‘u|p98+4‘2|p68+2

Q;D—Zp Qp_ZP QP_ZP ZP

¢p(cv — v — 203z + buv — wPv 2% — 3u2yz — v_1y3z2 — 3u2v_1y22 — 3uv~ 1y2Z2)

/ fon( 2)), (v 22) d dy du dv dz.

By Lemma , and the fact that vz € Z, <= z € vZ,,

1_

—Zyp Qp—Zp vZp—7Zp Zyp
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3 1,3

Uylev — uPv — 20°z + buv — o' 2% — BuPyz — v 'yP2 = BuPv T y2® — BuwT P2 (1 — o 2T ) dy dz do du.

Let z = rv. Then by Lemma , dz = |v|,dr. Rearranging the terms inside 1, we get
the following;:

1 — —3s
I___+ = 1_—12354_1 / // /(1 _ |T‘130571p73s+1)‘U’;93+4|u|;93+4|7,|;6s+2
p 12\r|p>\v\;1z

PZP P

Yp(v(=u?(r +1)* = u*Byr(r + 1)) + u(b — 3y°r®) + (c — r*y*))) dy dr dv du.
Since y,r,b and c are all in Z,, it follows that
ordy (—u?(r +1)* = u*(3yr(r + 1)) +u(b = 3y*r?) + (¢ — r’y*)) = ordy(—u’(r +1)%) < =3,

whenever ord,(u(r+1)) < 0. On the other hand, if ord,(u(r+1)) > 0, then ord,(r+1) > 0,
and hence ord,(r) = 1. The constraint |r[, > |v|;! becomes v € Q, — Z, for all such r.

We obtain
I___+ — (1 _ p—35) / / / /|UU|];98+4

Qp—=2Zp Qp—Zp |r41|,<|ul, * Zp

Yp(v(=u?(r +1)* = u*Byr(r + 1)) + u(b — 3y°r®) + (c — r*y*))) dy dr dv du.

Now let y; = y/u. Since y € Z,, then [y, < |ul;'. Then by Lemma dy = |ul,dy;.
Rearranging again the terms inside v, we get the following:

I___+ _ (1 o p—3s> / / / / |U|;95+4|u|;95+5
Qp—Zp Qp—Zp |41, <|uly ™ y1]p<|uly*

Yp(v(c+bu —u*(1+ 7By +2) +r*(y1 + 1)*))) dyy dr dv du.
Let vy = vu®. Since v € Q, — Zy, then |vy |, > [ul}. Then by Lemma P2} dv = |ul,*dv;.

So,
I, =(1—-p™) / / / / |U1|;9s+4|u|[1)8s—10

Qp—Zp |vilp>[uld [r+1]p<|uly " [y1]p<|ul,’

wp(%(c +bu) — vi (1 +r(3yr + 2) + r*(y1 + 1)) dyy dr dv; du.

_ 1 du __ duy _ 2 .
Let u; = v~'. By Lemma , e = Tu SO du = |uy | duy. As u ranges over Q, — Zy,

its inverse, uy, ranges over pZ, — {0}. Since the measure of {0} is 0, we obtain,
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I___+ — (1 _ p—3s) / / / / |v1|;95+4|u1|5185+8

PZp [orlp> el r+1]p <July™ y1lp<luly*
Yp(vr(uie +uib) — vi(1+rByr +2) +r*(y1 + 1)°)) dyy dr dvy duy

o

o [ LS e

U=1
[ut]p=p~Y |v1]p>p3V [r+1|p<p~V |y1|p<p~VU

Yy (vr(uic +uib) — vy (1 + 73y +2) + r*(y1 + 1)) dyy dr dvy duy.
Let uy = pYug,up € Z. Then by Lemma 2, duy = p~Yduy. Applying Corollary

,35 ZPU (18s—9) /¢p Ul u%ngc—l—u p2Ub)) dUQ
U=1

/ﬁlwu%“ /’ L/ Up(—v1 (1 +7(3y1 +2) + r*(y1 +1)%)) dys dr doy.

[v1]p>p3Y Ir+1p<p=Y |y1|p<p~U

We will focus on the usy integral and show it vanishes. For a,d € Q,, define H(d) and
H,(d,a) as the following;:

m@@:/%wﬁ+mmm, m@:m@m:/%mﬂm

zx z;
Lemma 37 If a € pZ,, then Hy(d,a) = H(d), and if ord(d) < —1, then H(d) = 0.
3

This can be proven by fixing zg € {1,...,p — 1} and considering ¢, = 2% + ax?®.
that ¢, : Z, — Z,, for a € Z,.

Notice

Lemma 38 For a € pZ,, the function ¢, is a bijection

{z € (Z/p"Z)*|xr =2y mod p} — {y € (Z/p"Z)*|y = ¢a(zy) mod p},

for any positive integer k, and hence a measure-preserving bijection xo + pZ, — x% + pZ,,
Jor each xo € Zj.

Proof. We will prove this statement by induction. If £ = 1 then we have nothing to
prove. Take k > 1 and write x = 21 + pFz,. Then ¢, () = @ (71) + p*F(2z175) mod prtl.
Since p # 2 and 1 € (Z/pZ)* the mapping xs — 22125 is a bijection Z/pZ — Z/pZ. Tt
follows that

x1 + p*ws = @a(a1) + P (2312)
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is a bijection
{z € (Z/p’““Z)X cx =2, mod pk} —{y € (Z/pk“Z)X LY = @q(r1) mod pk}.

Thus our bijection at level k extends to a bijection at level k + 1, completing the proof
by induction. O
We can now prove Lemma [37]

Proof. [Proof of Lemma

p—1

/ Pp(dpg(x)) de = / V,(dy) dy, Corollary [38]
1

1'0

H(d,a) /¢pd¢a )daz—

o=

ro+pZp cpa (z0)+pZp

Notice that y,(zo) + pZ, = 3 + paxy + pZ, = x§ + pZ,

Hi(d,a) = z_: / Yp(dy) dy = Hi(d,0) = H(d).

=1
0 x%—i—pzp

Moreover, for each zy we have

/ Up(dy) dy = p~ /% (¢a(0) + py1)) dyr = p~ b, (dpa(o) /% dpyr) dy,

wa(®0)+pZp

by lemma [22] If ord,(d) < —1, then the last integral is zero by lemma [23] O
Coming back to the uy integral,

/wp v1 (usp®Yc + uZp?Vb)) duy = Hy(v1p*Ub, pVcb™), provided b # 0.

We know u > 0, so pYcb™' is always divisible by p. By Lemma ,
Hy(v1p?Ub, pcb™") = H(v1p*Y'b). Since [v1], > p*¥ and b € Z5, we have |vp*Ubl, =
lv1p?Y], > pY > 1. Therefore ord,(vip?Yb) < —1, so H(v;p?Yb) = 0 and the integral
vanishes.

Note: Jiang-Rallis, showed that I___, has a nonzero solution in the case b = 0.

Case 16 (1____)

| / / / / |U|I;38+1|U|I;98+4|Z|Ij68+2|y|;98+3
P

Qp—2Zp Qp—2p Qp—7Zy Qp—7Z

plvg(u) — (20 + 3yt — LTI
/fsp ), (v y?2) do du dv dy dz

THE PUMP JOURNAL OF UNDERGRADUATE RESEARCH 9 (2026), 75-123 116



where g(u) = ¢ + bu — u?.
If v ly32 ¢ Z, the x integral vanishes. If not then z lies in v 'y*Z, — Z,. Notice that
this is only nonempty if 3ord,(y) > ord,(v), i.e. v € Q, — y*Z,. By Lemma [27]

1_ s s S s — s—1, —3s
I = T / / / / ol 3+1|u\ 9+4|z| 6+2‘y| 95H3(1 _ |y 1y3z|§j Lp=3s+1)

Qp—Zp Qp— Zp Qp— yZp 3Zp Zy

(u+ y)322

Uy (vg(u) — (2u + 3y)u®z — ) dz dv dy du.
v
Let z = vr. By Lemma 22| dz = |v|dr, and
]-_p_‘ —9s —9s —6s —9s s—1, —3s
e ol 2l 2 2y (L )

Qp—Zp Qp—Zp Qp—y3Zp y=3Zp—v=1Zy
Up(v[g(u) — (2u + 3y)ur — (u + y)*r?]) dr dv dy du.
Lemma 39 For all u,y,r in the domain of integration, the order of g(u) — (2u+3y)ur —
(u +y)3r? is equal to 3ord,(u). In particular, it is at most —3.

Proof. Since ord,(u) < 0 it follows from the strong triangle inequality that ord,(g(u)) =
ord,(u?) = 3ord,(u). We claim that this is the minimal order among the three summands.

First suppose that ord,(u) < ord,(y). Then ord,(u*(3u + 3y)) and ord,(u + y)? are at
least ord,(u?). But ord,(r) > ord,(y~3) > 3, so ord,(g(u)) is indeed strictly smaller than
the other two, and hence the order to the sum.

Now suppose that ord,(y) < ord,(u). Then ord,(u + y) = ord,(2u + 3y) = ord,(y).
Then

ord,((2u + 3y)u®r) = ord, (yur) > ord,(y’r) > 0 > ord,(u?),

and
ord,((u + y)*r?) = ord, (y*r?) > ord,(r) > 0 > ord,(u?).

Once again, the order of the first summand is strictly smaller than the orders of the other
two, and that means it is the order of the sum. O
In view of Lemma 39 it follows from corollary [26| and Lemma [24] that /____ vanishes.

5 Summary of Results
Now that we have the result of all 16 cases we can deduce the following propositions.

Proposition 40

Liyy-=Liy =1y =Ly =1L =1___=0,

I y=1_, =1 ___=0. (New Result)
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Proposition 41 If g is irreducible mod p, p > 3, then I_,, =1, _ =0.
Proposition 42 If g is irreducible mod p, p =2 mod 3, then I___, = 0. (New Result)
Proposition 43 I, = (1 — p=3%)(1 + p~%+2).

PI‘OOf. We knOW that [+ = [++++ +[+,++ +I+++, —|— [++,+ + [++,, + [+,,+ + I+,+, +
I, __. By Proposition {40} I, = Iy 4y + I 4. Then,
I+ — (1 o p—3s> + (1 o p—Ss)p—95+2 — (1 _ p—3s)(1 _|_p—9s+2)' ]

Proposition 44 If g is irreducible mod p, then
I_ = (1—p ) (—p 35t — p70st2 4 9543 _ pp=9542)  (New result)

Proof. Weknowthat /. =71____+1 , +1 _ +1 . +I 41 .+ +1 , .+
I ... By Proposition [d0jand 2] I_ =1_, .. + I, . Assuming g is irreducible mod
p makes N(b,c) = 0 in I_,,.. Therefore, I_ = (1 — p=3%)(—p 3+t — p76+2) 4 (1 —
p733)(p79s+3 _ p795+2> — (1 _ p738)(_p*38+1 _ p765+2 _|_p79$+3 _ p795+2)' O

Theorem 45 (Main Theorem) If Conjecture (3] is valid in I_,_., then
o o o —3s —3s+1 —65+2
L(s, fop) = (L=p™>)(L = p~ ) (1 —p~77).

Proof. ];?(‘97 f;),p) — I++]_ — _p73s)(1 +p79s+2_p73s+1_p768+2 _’_p798+3_p795+2)

1
(1 _ p73s)((1 _ p765+2) _ p3s+1(1 _ p*68+2)) — (1 _ p738)(1 _ p73s+1)(1 _ p765+2).

oo

6 Directions for Future Work

There are a number of natural directions for future work. One of them is to generalize
the result to the context of an arbitrary non-Archimedean local field F' of characteristic
zero, which contains only one cube root of 1.

Another natural direction is to relax the assumption that all data is unramified. For
example, we have assumed that b and ¢ are in Z; because, for any b,c € Q*, the set of
primes p such that b and ¢ are not in Z; is finite. Nevertheless, if we hope to get the
correct Euler factor at every place, we must handle the finite set of exceptional primes.
This will require considering functions f, # f .

As noted before, the local integral I7 (s, fs.) of Jiang and Rallis was defined in the con-
text of an arbitrary local field of characteristic zero. This includes the two Archimedean
local fields, R and C. As far as we know the Archimedean zeta integrals have not been
considered. One would expect that they would be related to the Gamma factors which ap-
pear in the functional equations of the zeta functions obtained from the non-Archimedean
contributions.

Finally, it is worth noting as Jiang and Rallis did, that the exceptional groups F}
and Fg have unipotent subgroups, analogous to our group N, but with field extensions
of degree 4 (in the F; case) or 5 (in the Eg case) playing the role that field extensions
of degree 3 have played here. The quintic case is particularly tantalizing because this
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would be the first time an extension with a non-solvable Galois group could appear. It is
also noteworthy that Xiong’s approach is based on the “Exceptional © correspondence”
of Magaard-Savin [I1], and an embedding G5 x PG L3 into the exceptional group Eg. It is
reasonable to hope that it may extend to the Fj case. The exceptional © correspondence
also includes an embedding of Gy x Fj into Eg [I1]. But it’s not clear how to embed a
product of the form Eg x H into something even bigger in a similar way. With that being
said, it must be noted that, if N' and N” are the analogues of NV in F; and Ey respectively,
then dim N = 20 and dim N” = 104. Thus, the method of repeated bifurcation which
produced 16 = 2% sub-integrals from an integral over 5 dimensional N, would result in 2'°
or 219 sub-integrals in these cases. Thus, any feasible approach along these lines would
require automating the analysis of most of the integrals.

Appendix: Proof of Conjecture 2

by V. SCHARASCHKIN

We prove Conjecture 2. See also Conjecture 34 and the preceding text for an expla-
nation of how the polynomial f; arises.

We make a slight change of notation: put » = v and y = w.

Let p =5 (mod 6) be prime, and let b, ¢ € F,,. Define

g(z) = 2" —bz — ¢, fi(u, v, w) = v*w® 4+ 3uvw + v —bu —v — ¢
X1 = {(u,v,w) | fi(u,v,w) =0}.
Assume g is irreducible over [, from now on. We prove:
Theorem 46 The affine variety X; is a rational surface, and | X,(F,)| = p* — 1.

Observe that as immediate consequences of our assumptions on p and g,
(a) —3 is not a square in F,,.

(b) The cubing map on F, is a bijection.
(c) g(a) # 0 for any a € F,,.

d) b#0.
T§1e>con§§iti0n p =5 (mod 6) is used in (a) and (b). Part (d) follows from (b) since z* — ¢
is always reducible.

We give an elementary proof of Theorem This is a little ungainly, so collect the
notation here for reference. Let

filu,v,w) = v*w® 4+ 3uvw +uP —bu —v —c
fo(u,v,w) = w
fa(u,v,w) = %[g (u+vw?) — fl} = 2w’ + 3uvw? + 3utw? — vw? — 3uw — bw? + 1
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fiu,v,w) = wg(u—1) = W - 3utw? — buw® — cw? + 3uw + bw? — 1

hi(z,y) = 32* +y* —4b

ho(z,y) —2% + 2y + 4c

ha(z,y) = 8g(%5") = (y —2)* —4b(y — ) — 8¢
ha(z,y) = —89(757) = (¢ +y)° —4b(x +y) + 8¢

Check the following identities:

4g(x) +hy = xh A7
fs+fi = w'fi 48
bhihy + ch} — hi = —g(x)hshy 49

(@)
)

8g(x) + 6hy +hy = hy
4g(x) +3hy +hs = yh
glutvw®) = fitv-fs
w2-h1(u—%, 2vw2+3u—% = 4dfs

)
w2~h2(u—%, 21)11)2—'—3711_%) = 4(ufs —w’fi)
) = 5

For each f; and h; above, define sets (affine varieties)

N N N N N N N N
ot Ot Ot Ot
T N R

N’ N e e e e T N

ot
ot

w

X; = {lw,v,w) € Fy | fi(u,v,w) = 0}
Xj,k = XJﬁXk
Y; = {(z,y) € F} | hy(z,y) = 0}
Since f3(u,v,0) = 1 we have
Xo5(F,) = 2.
Since g never vanishes, equations and show

Xi13(F,) =@ = X 4(F,). (56)
also.
We shall define a bijection
X1\ X1 > F2\ Y1 (57)
Equation implies
X1 (Fp)| = p* = Yi(Fp)| + [ X1,2(F, ) (58)

Clearly fi(u,v,w) = fo(u,v,w) =0 <= g(u) = v, so for each u there is a unique v
with (u,v,w) € X2, s0
| X12| =p.
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Since b # 0, Y] is a (non-degenerate) conic. The projective closure of Y] has p + 1
points over F,,. (It always has at least one point by the Cauchy-Davenport theoremﬂ and
this gives a bijection with P1.) Points at oo would only occur where 3X? +Y? —4bZ% = 0
with Z = 0, that is, when Y? = —3X?. So condition (a) above implies

Yi|=p+1
also. Thus from we obtain
[Xi|=p"—p-1ldp=p"—1

It remains to establish .
Define §: F3 \ X, — F> by

O(u,v,w) = (u — L 2vw? + 3u — %) (59)

From [w# 0 and f3(u,v,w) # 0] = [6(u,v,w) is defined and hy (6(u, v, w)) #
0]. Thus
0:F>\ (XoUX3) = F2\ Y.

From (56]) X; 3 = @, so 6 restricts to a map
0: X1\ X1 — Fo\ V1. (60)

Define o: F> \ Y1 — F \ X, by

i hg 8g(:1:)2h3 hl

This is well defined off Y] since g never vanishes, and hy # 0 implies o(x,y) ¢ Xo. We
show that (z,y) € F;\ Y1 = fioo(z,y) =050 o(z,y) € X;. Writing g for g(x),

hy 8¢g%hs  h
3 — 3 (209
_hl'(floo-) - h’l f1<h17 hil)’ ) 49)
2hg [ —hg — 6hy —
— _hi’.gg 3{ 3 — Ohs 89]—h3+bh§h2+ch§
h3 89
= ghs|hs + 6hy + 8g] — hj + bhihy + ch}
€. @
So
o Fi \ }/1 — X1 \X1’2. (62)

Let @ ={32* |z € F,}, R={y* |y € F,}. Then |Q|+ |R| > p+ 1 implies every element of F,, (in
particular 4b) is of the form ¢ + r for some g € Q, r € R.
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Finally we show that the maps # and ¢ in equations , are mutually inverse:

he 8¢%hs 49 +hy 49+ 3hy + hs
O(o(x, =0|—, » - ’ N o

Let (U,V,W) = (600)(u,v,w) =0 (u— <, 20w’ +3u—1). Here (u,v,w) € X1\ X1
sow # 0 and f3(u, v, w) and fi(u, v, w) # 0 also, from (56). A (rather tedious) calculation
yields:

2 2
U= @<u—l, 2vw2+3u—%> M :u—flw—,
ha [ [

vl gt e ) @O @ LT
1 fs
— v+ f1f42+vfi;f42_vf§ () v+f1[ff+vw3f33' (f4—f3)]’
f3 /3

and

_ .6 wf _ (B @ w!
W——@<u—i, 2vw2—i—3u—%) - T w— w (1+f4> = w—f1f4.

So

R R e ]

On X; where f; vanishes, (O’ o 9)(u,v,w) = (U, V,W) = (u,v,w) as required. This
completes the proof.
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