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Abstract - This work aims to formulate and prove the nontrivial straightening identity in
the universal enveloping algebra of the Heisenberg algebra. This identity is a special case of
the Baker-Campbell-Hausdorff formula, but was proven using a new proof method of double
induction. This general formula is applicable for straightening identities in many different
Lie algebras, one application being the Onsager algebra of sly.
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1 Introduction

Straightening identities are reordering formulas within the universal enveloping algebra
of a Lie algebra. These identities can be used to turn products of the basis elements into
linear combinations of products of basis elements where the factors are in a preferred order.
The Baker-Campbell-Hausdorff Theorem gives straightening identities in the universal
enveloping algebra of general Lie algebras. See a standard reference like [§, Theorem 5.3]
for details on the Baker-Campbell-Hausdorff Theorem.

For context on straightening identities, in [0, Lemma 1] B. Kostant proved some
straightening identities in the universal enveloping algebra of any simple complex finite
dimensional Lie algebra, g. H. Garland in [7, Lemma 7.5] proved some straightening
identities in the universal enveloping algebras of the untwisted loop algebras, g C[t, ¢ 1].
Garland’s work was later expanded to untwisted map algebras in [3, Lemma 5.4] by S.
Chamberlin proving some straightening identities in the universal enveloping algebras of
the map algebras g ® A, where A is any commutative associative algebra with unity.

Further straightening identities were developed by D. Mitzman in [I0], who was the
first to do this for twisted Lie algebras. E. Date and S. Roan in [0] introduced the
structure of the Onsager algebra as we see it now. They noted the relationship between
the Onsager algebra and the loop algebra of sly. In [5 Theorem 3.3] S. Chamberlin, A.
Rafizadeh, M. Samsel, and D. Strong formulated and proved some straightening identities
in the universal enveloping algebra of the Onsager algebra of sly. In [Il Proposition 2.5]
A. Bianchi and S. Chamberlin formulated and proved complete straightening identities
in this algebra. Building off of these publications is S. Chamberlin and J. Niraula’s work
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in [4, Theorems 3.1 and 3.2] formulating some straightening identities in the universal
enveloping algebras of the twisted multiloop algebras of sl; with Chevalley involution
twist. This work also formulated a nice basis in sl; which we used in the example in this
paper.

This paper is predicated on two main theorems, the Poincare-Birkhoff-Witt (PBW)
Theorem and the Baker-Cambpell-Hausdorff Theorem. The Poincare-Birkhoff-Witt The-
orem gives a basis for the universal enveloping algebra of a Lie algebra L where the basis
elements of L are in a preferred order. See a standard reference like [2, Theorem 9.4] for
details on the PBW Theorem. The Baker-Campbell-Hausdorff theorem gives straighten-
ing identities in the universal enveloping algebras of general Lie algebras. In Theorem
3.3, we state and prove the nontrivial straightening identity in the universal enveloping
algebra of the Heisenberg algebra (defined in [8, Proposition 3.26]) which is a special
case of the Baker-Campbell-Hausdorff Theorem. Our proof uses double induction which
is a new and more accessible proof technique. As an application, in Corollary [4.8 we
formulate some straightening identities in the universal enveloping algebra of the Onsager
algebra of sl defined in [I1, Example 3.9]. To prove these identities we make use of the
Lie algebra homomorphisms defined in Proposition

2 Preliminaries

Let C be the set of complex numbers, Z be the set of integers, and N be the set of positive
integers.

Recall the definition of a Lie algebra over C.
2.1 Lie Algebras

Definition 2.1 A vector space, L, over the complex numbers, with a bilinear map |[.,.] :
Lx L — L (called the bracket), is called a Lie Algebra if the following azioms are satisfied
for all x,y,z in L.

[z,2] = 0
[, [y, 2]l + [y, [z, 2] + 2, [z, 9] = 0O
The second axiom is called the Jacobi Identity. For further reading on Lie Algebras,
see the standard text [2].
2.2 Universal Enveloping Algebra

Definition 2.2 For any given complex Lie algebra L, the Universal Enveloping Algebra,
U(L), is the unique unital associative algebra over C such that there is a linear function
7: L — U(L) such that, for all z,y € L,

m([z,y]) = 7(@)7(y) — T(y)7(2) (1)
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and the following holds: for any unital associative algebra, A, over C and any linear
function o : L — A satisfying , there exists a unique algebra homomorphism ¢ :
U(L) — A such that ¢(1) =1 and po7 = 0.

3 Main Theorem

In this section we prove a special case of the Baker-Campbell-Hausdorff Formula for the
Heisenberg algebra, we use double induction on r and s, which is a new proof technique.

Definition 3.1 Let L be a complex Lie algebra, v in U(L), and k in Z. Define the divided
powers in U(L) as follows: u® =0 if k <0, u¥ =1, and

if k> 0.

Definition 3.2 Define the Heisenberg algebra, H, to be the complex Lie algebra with basis
a,b,c and Lie bracket given by |a,b] = ¢, [a,c] = [b,c] = 0.

The proof of the following theorem will use double induction. This technique is used
to prove a property P(r,s) depending on two natural numbers r and s. It involves first
proving the base case P(1,1), then proving the implication P(r,1) = P(r+1,1) for some
r € N and finally proving the implication P(r,s) = P(r,s+ 1) for some s € N where 7 is
general in N.

Theorem 3.3 Givenr,s € N,

min{r,s}

a0 = ST B
7=0

in the universal enveloping algebra of the Heisenberg algebra.

Proof. We will prove this by double induction on r and s.
Base case r = s = 1:

ab = ba+ [a,b
= ba+c.

If s =1, the formula becomes:
a™b = ba'" + ca" Y. (2)

We will prove this equation by induction on r. The base case was done above. Now
assume for some r € N, then
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(r+1)a"o = aa™b

= a (ba(r) + ca™ ) by the induction hypothesis
= aba” + aca™Y

= (ba+c)a™ + caa™V

= baa" + ca" + rca™

= (r+ Dba"V + (r + 1)ca™
= (r+1) (ba(”l) +cal).

Induction Hypothesis: Assume for r, s € N that r, s holds and show that s+ 1, r holds.
We will use double induction.

(s + 1)aMpl+D

a ™ pps)
(ba(r) + ca(T’I)) b by s=1
ba™b 4 calr—Dp®

min{r,s} min{r—1,s}
b Z pls=0 @ g (r=0) | 4 ¢ Z ps=3 old) g (r=i—1)
7=0

by the mductlon hypothesis

min{r,s} min{r—1,s}

Z bbe=D D r=) Z b= ) g r=3 D)
mln{r,s}

Z (s 41— j)bE=ItD e glr=i)

5=0

min{r—1,s}

+ Z (G + )b D glr=i=1)

mln{r,s} min{r, s+1}
Z (s 41— j)bE=ItDe@glr=i) 4 Z ps=i+1) (4) o (r—1)
=0
min{r,s+1}

(s 4+ D)pE el 4 Z (541 — §)bls=i+D i) g(r=d)

min{r,s+1}
Ty e
j=1
min{r,s+1}
S (s 1)l

J=0
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4 Application

In this section, we will apply our theorem to give some straightening identities in the
Onsager algebra of sl;. We will begin with some definitions.

Definition 4.1 Define sly to be the vector space of all 4 x 4 matrices with complex entries
and trace zero. sly is a Lie algebra under the commutator bracket [A, Bl = AB — BA.

Definition 4.2 Given j, k € {1,2,3,4} define e;, to be the 4 x 4 matriz with 1 in the
Jth row and kth column and 0 in every other entry.

Then the matrices e;;, and e;; — e;11,41 for distinct j, k € {1,2,3,4} and [ € {1,2,3}

form the standard basis for sl,.

Definition 4.3 Let o be the Chevalley involution on sly. Then o is a Lie algebra involu-
tion and acts on the standard basis for sly in the following way:

o (6]‘7}9) = _ek,ja
g (el,l — €z+1,l+1) = - (el,l — €l+1,l+1) .

Definition 4.4 Given a Lie algebra we can build a new Lie algebra out of it called the
loop algebra as follows: if g is a Lie algebra over C and C[t,t™1] is the space of Laurent
polynomials, then the loop algebra of g is the vector space g ® C[t,t™1] with Lie bracket
giwen by linearly extending the bracket

[0t y@t] = v,y @

where x,y € g and k,l € Z.

Define the action of o on the Laurent polynomials by extending the following action
ot)=ttand o (t7}) =t
The diagonal action of o on the loop algebra of sly, sl; ® C[t, ¢, is defined by

o(g® f) =oalg)@a(f),

for all g € sly and all f € C[t,t7!]. This action is an automorphism of the loop algebra
and therefore the fixed points form a subalgebra.

Definition 4.5 Let O be the subalgebra of the loop algebra sly @ Clt,t71] fized by o. We
call O the Onsager algebra of sly.

We will work with the following basis for O, which is built from the basis for sl
originally given in [4, Page 336]. As stated there, the fact that it is a basis for sl; follows
from its linear independence and the finite dimension of the Lie algebra.
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Definition 4.6 For j € {1,2}, k € {1,2,3}, 1 € NJ{0} and m € N define
:Efl, th,y;fm,YjE zt € O where i = +/—1 € C as follows:

J,m?

1 . . _
$Ir,z =3 ((e12—e21) — (€34 —eq3) —i(e13 —es1) —i(eaq —€42)) @ (tl +t l)
_ 1 . . _
Ty =5 (= (e12 —€2,1) + (€34 — €a3) — i (€13 — e31) — i (€24 — €42)) @ (' +¢7)
N 1 : I
Tog = 5 ((e12—e21) + (e34 —€a3) — (e13 —€31) + i (€24 —€42)) ® (t +t )
1 . . _
ZE2_71 = 5 ( (61,2 - 62,1) - (63,4 - 6473) +1 (6173 — 63’1) —1 (6274 — 64’2)) ® (tl 4t l)
hiy = i((ezs—e32) — (€14 —e€11)) ® (+17)
hoy = —i((e23 —e32)+ (€14 —€41)) ® (tl + t_l)

1 ) ; m —m
yim = 5 ((61,2 + 62,1) + (63,4 -+ 64’3) — 1 (6173 —+ 63,1) +1 (62,4 + @4’2)) X (t —t )
1 1 ) ; m —-m
Yim = 5 ((e12 + e21) + (€34 + €a3) +i(e13+ €31) — i (€24 + €42)) @ (t™ =)

1 ) ; m —-m
Ysm = 5 ((e12+e21) — (esa+ ea3) +i(ers+esn) +i(ean+ €)@ (1" =)
5. 1 1 y m —-m
Yom = 5 ((e12+ €21) — (esa+ea3) —i(ers+es1) —ileas+es2)) @ (" —t™)
! ) ; m —-m
y;m = 3 ((e124+e€21)+ (e3a+es3) —i(ers+ess) +ilega+ess))® (t ¢ )
1 ) m —m
y;r,m = 5 (Z (61,4 + 64,1) + (61,1 - 6272) + (62,2 — 63,3) + (63’3 + 6474» X (t —t )
L -m
Ysm = 5 (—i(erq+es1) + (e11 — €22) 4 (€22 — €33) + (€33 — €44)) @ (8" —¢7)
Yler = (i(ea3+e32) — (€22 —€33)) ® (tm — t*m)
Y2+m = (i(ez3+e32) + (€22 —e€33)) ® (tm — t_m)
Zr_; - (( 1,1 — 62,2) - (63,3 - 6474)) ® (tm — t_m)

4.1 Some Straightening Identities in the Onsager Algebra of sl;.

We wish to use Theorem to prove some straightening identities in the Onsager algebra
of sly. To do this, we make use of the following Lie algebra homomorphisms.

Proposition 4.7 Gien 1 < j < 8, the linear functions ¢¥; : H — O defined by the
following equations are Lie algebra homomorphisms.
Yi(a) = l"fk, P1(b) = y; Yi(c) = y;:k—l—l - y;:k—l
Pola) = x;k, Pa(b) = yfrl Pa(c) =y
P3(a) = Ty g P3(b) = Yo 15 P3(c) = Y3 -1 — Y3 fti
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ala) = oy, Va(b) =yip Yalc) =Yz — Yapn
Ys(a) x1+lc7 Vs5(b) = Yoy Ps(c) = Y'1+1g+z YIJ,rk—l
Ve(a) T Y6(b) = Y1y We(c) = YQ_,'—kfl }/2+k+l
V7 (a) Yoy Yr(b) = x4, () = )/2—:’_k—l Yol
Yg(a) = yf,za Ys(b) = @y, s(c) = YlJ,rk—l—l Y

Proof. The following bracket calculations are sufficient to prove that these linear func-
tions are Lie algebra homomorphisms:

[W1(a), o1 (0)] = 214 950] = Y3 — Ysms = Y1(e) = 91 ([0, b))
[Ua(a), 2(b)] = [x;kv yil] = ?J;r,kﬂ - y;:kfl = a(c) = o ([a, b])
[13(a), 13(D)] [%,ka y2_l] = Y3 k-1 — Y3 k1 = Y3(c) = ¥3([a, b])
[Va(a), a(D)] = [x;k? yfl] = Y3 k-1~ Y341 = Y1(c) = ¥ ([a,0])
[Ws(a), ¥s(b)] = [21 4 ¥1] = Yl — Yihor = ¥s5(c) = ¥5 ([a,])
[V6(a), 16 (D)] [x;k’ yl_,l} = Y2+k7l YzJ,rkJrl Ye(c) = 6 ([a, b])
[Wr(a), 7 (b)] = [yas 214] = Yahoy = Yals = ¥r(c) = ¥ ([0, B])
[Ws(a), s(b)] = [yfy 224] = Yl — Yihor = ¥s(c) = ¥s ([a,B])

O

Applying each of the homomorphisms 1,5, ..., s to Theorem gives us the fol-

lowing straightening identities in the universal enveloping algebra of the Onsager algebra
of 5[4.

Corollary 4.8 Let k € N|J{0} and l,r,s € N. Then in U(O):

min{r,s} . ‘ B
(xf,k)(r) (y;,l)(S) = Z (yil)(s_j) (yf;r,k—kl - yz’ik—z)m (xfk)( 7
=0
min{r,s} . ' o
(xik)(r) (yfz)(S) = Z (?/Ir,z)(kj) (y;:k—i-l - y;k—l)m (x;k)( 7
=0
min{r,s} 4 ' »
(xf,k)(r) (92_,1)(3) = Z (yz_,l)(Sﬂ) (yS_,kfl - yi’)_,kJrl)(]) (xl_k)( 7
§=0
min{r,s}

(IQ_,k:)(r) (yl_,l)(S) _ Z (yl_,l)(s_j) (y?,_,k—l o y:;k-u)(j) (IQ_,k:)(T_j)
=0
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min{r,s}

i) () =2 ) O =) o5
=

(xzk)(r) (y]._,l)(S) _ miri{;ﬂ (yil)(s_j) (Y'Q—:rk—l . Y;’Fkﬂ)(j) (x;k)(r—j)
=

(y;r,l)(s) ($ik)(r) _ mgs} (x;k)(r—j) (YQJ’%_I . YQJ,rk-H)(j) (y;l)(s—j)
=

(yil)(S) (zik)(T) - 5 ($2_,k)(T_j) (YlJ,rkJrl - Y1J,rk—l)(j) (yfl)(s‘j)
=0
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