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1 Introduction

We are interested in studying numerical solutions to second-order boundary value prob-
lems consisting of the equation

u' = f(t,u,u’), te(0,1) (1.1)
and boundary conditions (BCs)
u(0) =0, wu(l)=0, (1.2)

by utilizing the Galerkin method involving Bernstein polynomials.
The Bernstein polynomials of degree n, defined by

(1 — ) N, 0<i<
Bualt) = WA= meN, 0i<n,
0, 1<0ori>n,

were introduced in 1912 by Sergei Natanovich Bernstein in a constructive proof of the
Weierstrass approximation theorem [2]. Since then, Bernstein polynomials have been
used in many areas of pure and applied mathematics as well as computer science. For
example, Bernstein polynomials provide an explicit polynomial representation of Bézier
curves and surfaces, which have been used extensively in modern robotics and computer
aided geometric design. Specifically, Bézier curves have found many applications in models
of smooth curves in computer graphics and animation, the design and development of new
fonts, and the production of mechanical components for large-scale industrial use [15] [17].
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A more comprehensive survey of Bézier curves and the role of Bernstein polynomials
can be found in [4]. Bernstein polynomials have been also used in the design of filter
sharpening functions in signal processing [12], the modeling of intermolecular potential
energy surfaces [7], as well as stability analysis for polynomial dynamical systems [13] [14]
[15]. Of particular interest in this paper is the use of Bernstein polynomials in numerical
methods for solving both ordinary and partial differential equations [8), [IT), [1§].

The authors in [8] considered BVP ., . 1.2) by applying the Galerkln method
using the full Bernstein polynomial basis, {B; ,,(t)}i, to create polynomial approximate
solutions to BVP (| - . In particular, they studied the nonhomgeneous, second-
order, linear differential equation of the form

u' +u=f(t), te(0,1),

with BC ([1.2)). By assuming an approximation to the solution of the form

= ZciBi,n(t)> n Z 17
1=0

they showed that such an approximate solution must satisfy

n

S{ [FB08,0+ BuBa0la) o~ [ 08010 =0

1=0

This is equivalent to solving an n+ 1 by n+ 1 system BC = b for C, where B has entries

B = [ BB 0) + Bual)Byult)]

b, = / FB(0) d.

The boundary conditions were then applied by deleting the first row, first column, last
row, last column on the matrix B.

The authors in [5] applied the Galerkin method using orthonormalized Bernstein poly-
nomials. In their method, they used the orthonormalized version of {B; ()}, i.e.,

and b has entries

Gin(t) = V2(n —j +1Z %Bjk,nk(t% j=0,...,n,

that is stated in [1J.

It is noted that the By, (t) and B, (t) do not satisfy BC (L.2). However, the subset
{B;(t)}7 do satisfy BC (1.2)). Motivated by this fact and the results in [8] as well as
[5], we are mterested in the effects of using an orthonormalized version of {B;,,(t)}7=! as
the basis functions for our approximating solution for BVP , using the Galerkin
method.
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While the Gram-Schmidt process is an effective tool for orthonormalization, hav-
ing an explicit formula for the orthonormalized subset of Bernstein polynomials, i.e.,
{Bin(t) n~! would avoid numerical integration, reducing roundoff error, and can be im-
plemented quicker in many programming languages. As a result, we proceed with first
introducing the explicit formula of the orthonormalized set { B, () }7= (cf. Theorem 2.4
and showing two different interesting proofs of that result, one involving Jacobi polyno-
mials, and the other involving a coefficient extraction method. We next apply our result

to BVP ([1.1), (1.2)) to study the effects of using orthonormal basis functions.

2 Orthonormalized Bernstein Basis

Let II" be the inner product space of polynomials defined on [0, 1] with real coefficients
and are of degree at most n or less. The inner product is defined by

(P, @) 2/0 p(t)q(t)dt,  p,qell”.

We equip II" with the induced norm ||p||n= = /(p, P)11n-
Lemma 2.1 {B,,(t)}", forms a basis for II".

Proof. Since II" is of dimension n +1, it is enough to show that { B, ,,(t)}i-, are linearly
independent. By induction, it easy to see that {By(t)} = {1} is linearly independent for
I1°. Tt is, therefore, a basis for II°.

Assuming that {B;,_1(t)} is a basis for [I""!, consider

n

O = Z CZB%n(t)

=0

where ¢; € R for e = 0,1,...,n+ 1. Taking the derivative of both sides and simplifying,
we have

n—1 n—1
=n Z ¢iBi1n(t) — Z ¢iBin-1(t)
i=1 =0

n—2
=n Z(CiJrl —¢i)Bin-1(t) — com1Bp1,0-1(1).
=0

Since {B; ;,—1(t) "~} is a basis for II"7!, then it follows that ¢, _; = 0 and ¢;41 —¢; = 0 for
i=0,1,...,n—2. This implies that ¢; = 0 fori = 1,2,...,n—1. This leaves ¢,,B,, »(t) = 0
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implying that ¢, = 0. Hence, {B;,(t)}!, is linearly independent, and thus, a basis for
IT". This completes the proof. 0J

Lemma 2.2 For (0 <1 < n,
B, (t) = n(Bic1n-1(t) — Bin-1(t))

Proof. For any 0 < i < n, we have

Bz{,n(t) = (?) [iti_l(l — t)n_i — (n _ i)ti(l _ t)n—i—l]
—n (( (n—1)! 11 — ) Ll)!‘ti(l_t)n—i—l>

i—1)!(n—1)! illn—1—1)!

(- ()

= (Bi_yn1(t) — Binr(t)).

U
Define °II" := {p € II" : p(0) = p(1)}. Clearly, this is a subspace of II" and (p, ¢)orn =

{p, @)un
Lemma 2.3 {B;,(t)}/=} forms a basis for °TI"

Proof. The dimension of °TI" is n — 1. Since {B;,(t)}/= are linearly independent and
each satisfy BM(O) = B, (1) =0, then {B,,(t)}! is a basis for °II". O

Let {H;,(t)}!= be the set of orthonormal basis functions produced by applying the
Gram-Schmidt process to {B; ()} -, . The following theorem gives the explicit form of
H;,(t),for 1 <i<n-—1.

Theorem 2.4 For n > 2, the set of orthonormal basis functions {H;,(t)}!= can be
written as

o @1 @n+2 - )20 41— 20) (?Tfﬂk)
ot = R 2Ty Bl

While certainly one proof is enough, there are two interesting proofs we provide that
demonstrate Theorem [2.4, We provide both for enlightenment. The first proof utilizes
Jacobi polynomials and will require integration. The second proof we provide of Theorem
utilizes a coefficient extraction approach and will require combinatorics.

2.1 Jacobi Polynomial Approach

We next state the definition of the Jacobi polynomials along with two properties used in
the proof of Theorem
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Definition 2.5 Given o, 8 > —1 and n € Ny, the Jacobi polynomial P** is defined by

pod(yy — — Llatntl) i(”)F(fHﬁﬂme) (t—1>m

nTa+B+n+1) m Ia+m+1) 2

Lemma 2.6

Cn+a+p+ 1) m+a+5+1nt/

(14 )P PP ()PP () dt = Gy,
20081 (n + a+ 1)I(n+ S+ 1) (L+ ) P (OB ()

where
L,
0, m 7£ n’
and o, f > —1.
Proof. See [16, Corollary 3.6]. O

Lemma 2.7

n

Pf”gﬂ(t) _ F(n +a+ 1) <2l +a+ [+ 1)F(l +a+ B+ 1)Pla,ﬂ(t)
I(n+a+p+2) = I'l+a+1)
Proof. See [16, Remark 3.3 and Theorem 3.18]. O

We state Rodrigues’ formula for clarity, see [16, Theorem 3.17].

Lemma 2.8

1—t)*(1+t)°PrP(t) = (=n" d"

ST % [(1 i t)n+a(1 + t)n—i—ﬁ}

The following lemma gives a relationship between Jacobi polynomials and Bernstein
polynomials.

Lemma 2.9 Forl <:<n—1, we have

1)1 _ 4\n—i 2,2n72i+1 — 27,n+11 ll)( )
(1)1 =) P Z Bi—ini(t).

=0 i— l)
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Z(—l)l%Bi—l,n—l(t) _ i(_ly (27?1_4-11_—/) (Z —|l- 1)ti—l(1 - t)n—z

=0 i—l =0
i—1 .
; - 2n+1—-101\[i+1
41 _ 4\n—1t 1\ —1
oo S )
=0
1—1 . .

. 4 n+2—1+k 1+ 1 )
_(_1\i—lyifq _ p\n—i _1\k k—i4+1
e S (B (1,

k=0
i—1 . .
- - n+2—i+k 1+1
_(_ 1)1 o n—z§ : Nk
k=0
2n+2—i+k)(i+1)!
— 11 1t nz —tk
(= “ k!(2n +2 —i)! (z—l—k).(k—i—Q)!( )

(¢4 1)!
G—D2nt2—d)

(i —DI2n+2—i+k)! [(1-2t)—1\F
2 Kk +2)(i—1— k) ( 2 )

— (—]_)Z_lt(]_ _ t)n_i_PZ-Q;%n_Qi—’_l(]_ _ 2t>

= (~1) (1 - t)”-z‘ -

L]
We now provide the proof of Theorem [2.4] using Jacobi polynomials.
Proof of Theorem [2.4] n Consider (H;,, Hjn)enn, for 1 <1i,5 < n —1. We first show
that for i = j, ||H; %5, = 1. We have by Lemma.

_ i(i+1)
S R R T iy SR e g7y | Hinllone
- /1 (i(_1>k%3i_k’n_k(t)> dt

1
_ /0 (1- t>2n—2it2[a2_,21n721+1(1 — o),
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Let u =1 — 2¢. Then from Lemmas 2.7 and 2.6, we have

1
Il — 22n+2i1/ (1 _ u>2<1 + U)anzi[PiQ_,Zlnfmel(u)]Q du
-1

1
— 2—2n+2i—1/ (1 _ u)2<1 4 u)2n—2ix
-1

1 2
Z+1 1—k 2n+2k—2l+3)(2n+k_27/+2) 2.9n—2
) P du.
<2n—z—|—2 Z_: (k+2)! () B

_ 2- 2n+2i— 1[(2+1)]
[(2n —i+2)1]?

i—1 . . 2 1
on + 2k — 2 on +k — 2i +2)! . :
Z [( n+ i+3)(2n+ i+2) } / (1— w)(1 + w)2n 2 [P222)2 gy
2 (k + 2)! .
_ 272n+2i71[(i+1)!]2
o [(2n — i+ 2)1)2
Zi (2n 42k —2i4+3)2n+k =2+ 217> 22724 (k4 2)1(2n — 20 + k)!
e (k+2)! (2n + 2k — 20 + 3)k!(2n — 2i 4+ 2 + k)!
[ G+ 2§ o — 2+ 2k + 3)(2n — 2i + k + 2)1(2n — 2i + k)!
T l@n—i+2)! e El(k +2)!
(i + D)I(2n — 20)17 <= o —2+k+2\ [2n—2+k
— (2n — 2i 4 2k + 3
. (2n—i+2)! kzo n—2i+2k+3) k+2 k
G+ =277 (i +2) 2n — 4\ (2n — i+ 2
Sl @2n—i+2)! 2n —2i + 1 i i+ 2
i(i+1)

2n—i+1)2n—i+2)(2n+1—2i)’

which completes the proof for this case.

Now assume ¢ # j. Without loss of generality, further assume that ¢« > j. For
simplicity, let

N (i+1)
"\ @n =i+ D)(2n— i+ 2)2n+ 1 - 2i)
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We define ,¢; similarly. By Lemma [2.9 and letting u = 1 — 2¢, we have

Ji = nQi'HQj/O (Z(—l)k%&—m—k(tv X

(i(—w’—( ())( | )Bj_l,n_xt)) i

1
= nGi * nGj / (1 — ¢)2n= ()2 p22n=2itl () _ op) p22n=20t1(1 _ o) dt
0

J

1
= i - nQJ2 2n+(i+7)— / (1 . u>2(1 + U)Qn—(i+j)PiZ_,21n721+1(u) Pj2;21n72]+1(u) dt.
—1

Using integration by parts along with Lemma we have

1
Jl = nGi - nQ]Q 2n+(i+7)— / [(1 - U)2(1 + u)2n7ipl2_,21n721+1(u)} (1 + u)ij.2;21n72]+1 ('U,) du

? J
1

1
= .G anQ 2n+(i+5)— / [(1 _ u)2(1 4 u)2n72i+1PiQ_,21n721+1 (U)} %
-1

(1 + u)i—j—lp‘j?Lan—Qj-i-l(u) du
1)~ 12 2n+j . 9
SR nq]( ()2 — 1 / az 1 { Z+1 1 + u)?n Z} (1 + u)’l—]—IPjQLQ{L 2j+1(u) du
(_1)Z 12 2nt i+1 2n—i 9i—1 i—j—1 p2,2n—2j5+1
:nQi'anW (1_U) (14w 0, {(1+u) P (u)} du
- -1
= 0.

The last line is the result of taking ¢ — 1 derivatives of a degreet —j —14+7—1=47¢—2
polynomial. 0

2.2 The Coefficient Extraction Approach
We define for any power series A(z) = > 1o ap2”
[2MA(2) = ax, k € Ny,

where [-] denotes the “coefficient of” operator as introduced in [10] and [6, Section 5.4].
That is, [2"] A(z) denotes the coefficient of 2" in A(z). In particular, we note that

[2¥)(1 + 2)" = <Z> k,n € No, k <n. (2.3)

Lemma 2.10 Let n,m, and k be nonnegative integers satisfyingmn > 2 and 0 < k <m <

n—2. Then
IZ"": ( ) (2n +k1 - l) <2m 47—712_—: - l) _ <T]:L>
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Proof. As defined in (2.3)), let z,w > 0 be such that

LR e G | G i) FCYY

It follows that
i(—l)l (7?) 2n +k1 — z> <2m +m2_—kk — 1)
= S (Yt wapeiy

S (“ )L ) i <T7) ((1 o z))l>
(

= [w* 2™ [ (1 +w)*™ (1 + 2)> 2 F (1 1+ w)l(l + Z))m)

= [wFzmH] ((1 4 w) 2T 4 )™ R (1 4 2) + z)m)
= [wFz"H] ((1 4 w) 2T (] 4 )R Z <T) w(1+ z)rzm’)

— [wkzm—k] Z (m) w2 7’(1 + w)?n—m—l—l(l + Z)m+2—k+r

r
r=0

i( ) Fr r R (1 4 )2 (1 4 p)mt 2k

r=0

() )
0

where the last summation is only valid when r = k. 0

Lemma 2.11 Let n and m be positive integers satisfying n > 2 and 0 < m < n — 2.

Then
i (m+2>(2n+1—k>_(2n—m—1)
m—k n m ‘
k=0
Proof. Let s > 0 satisfy

(5277 (1 4 )20k — (2'“ +1- k)

m—k
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It follows that
i m + 2\ [2n+1—k
m—k
_ Z <m + 2) [s2n=mH1)(1 4 5)2nt1-k
=0

SR R D DY (e TER

— [S2n—m+1](1 +S)2n+1 %

(0= (e () () )
()" (2) " (e0-i3)

§)2 T [ 4 (1) ((m+ 2) (14 s) — 1)]

§)P LR (1) (L )T (4 1)(1 4 ) 4 8)
= [+

— [S2nfm+1](1 + S>2n+1

[ 2n— m+1](1
[ 2n— m+1](1
]

(=12 (2 ] m 4+ 1)1+ )2 o [ (1+ 5

B 2n—m—1
— o 7

where the second term vanishes as the result of taking the coefficients of s and
2n—m

S in polynomials of degree 2n — m and 2n —m — 1 in s, respectively. ([l

2n—m+1

Lemma 2.12 Assume 0 <k <i<j<n-—1, then
j—1 . L
—1 2 1—-1 — k-1
S -v'(’ n trJ 0.
l k i—1—k
1=0
Proof. Define v > 0 and v > 0 such that

mi1m1+m”jkuzc+j_k_5

1—1—-Fk

and ) L
k mt1—1 [N+ 1—
[v"](1+ v) = ( f )
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jl(_D,j—l mA+1—1\[i+j—k—1
— z k i—1—k
jl
<J—1)(2n+1 l) K] (] )R
l:O

1
= [u R (1 + ) kz z(] ) (14 )2 (1 + )~

— [ (1 4 )R] (1 4 )2 ]ZE (j f 1) (m)l

=0

7j—1
—_ i—1—k 1 i+j—k 2n+1 1
[u ]< +u) [ +U 1—i—u 1+U)

= [ K1+ ) A +v>2" (w1 4v) + oy

_ [uiflkal + u)iJrlfk[vk](l + U>2n7j+2 Z (J ; 1) u’”(l + ,U)?"Ujflfr

Z O L R e (R A X

Il
Oﬁ

)

since the assumption that 0 < k < i < 7 in (2.5]) implies that kK — j + 1+ < 0 whenever
r<j—k—1,andi—1—k—7r <0 whenever r > j —k — 1.

U
Proof of Theorem [2.4,  Consider (H;,(t), Hjn(t))or» for 1 < i,j <n—1. We first
show that if i = j, then ||H,,(¢)||2q. = 1. By the inner product condition in [J, Lemma
1],

i(i+1)
(2n—i+1)(2n —1+2)

2
OHn

I = | Hsn(t)

o2t 1SSy CEED) ()

Cn+1-k-0E)

k=0 1=0 k1
SR B (D ()
- (2n{r1 k—l)
k=0 (=0 k—l
_ 1 21: (i”*ll,f) T S ! 2—1 241 -1\ (20 —k—1
@) ( k i—1—-k)
i+1 k=0 =
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By Lemma [2.10, with m =14 — 1, we have
S L (1)
L= — i
(2 z+11+2 k= ( k ) k

B 1 (_1)k n+1-F\[i+1
GE i—1—k ko)
i+1 k=0

By Lemma [2.11} with m =14 — 1, we have

M

’—‘O

_ G i(i+1)
I, — —
) -+ )@2n—i+2)

which completes the proof for this case.
Now, suppose that ¢ # j. Without loss of generality, also assume that 7 > 7. Following
similarly to the proof for the case when i = j, we have

i—1 7—1 2n+1—k\ [i+1\ (2n+1-=1\ [(i+1
st e CEE ) B (1)
k=0 (=0

Cn+1—k-=0("1)

itj—k—1
G G () ) (1)
22 Gy
DS e
BCEEE S N U
-1

'( Dlj—l mA+1—1\[(i+j—k—1
l k 1—1—k
1=0
By the assumption that 0 < k < i < j < n — 1, we have that the inner sum vanishes
by Lemma [2.12, which completes the proof for this case. O

3 Application to Boundary Value Problems

The orthonormal subset of Bernstein polynomials can be useful in solving BVP (1.1)),
(1.2) when a scaled linear term is present. This is due to the orthogonality property of
the basis polynomials. The following examples highlight this.

Example 3.1 Consider the nonhomogeneous, second-order, linear BVP consisting of the
equation

u'+qu=f(t), te(01), (3.6)
with BC ([1.2)), where ¢ € R. We seek approximate solutions of the form

n—1
= ZCiHi,n(t)7 n 2 2.
i=1
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Substituting this into the equation given in BVP (j3.6), multiplying through by H, (%),
for some 7 =1,...,n — 1, and applying integration by parts, we have

1

/1 y Cz [H, () Hjn(t) + qHin(8) Hjn(8)] dt = /1 Hjn(2)f(1) dt

n—1 1 1
> / [~ H G (OH,(0) + a0 (O] dt = [ Hynl0)1(0) .
=1 J0 0

This is equivalent to solving the (n — 1) X (n — 1) system Bc = b, where

1
/ - [HL@OPd, =]
0

B = [b;] = {7
/0 CH(OHL (b dt, i

with

1 . .
qg, 1=

qu,ntH',nt dt = , ,
/0 (Ot = g

due to the orthonormal property of H; ;(t);
c=(c1,...,cn1)”y (3.7)

and
:[bj]:/ Hon(f(®)dt, j=1,2... n—1. (3.9)
0

As in [8], if we let q(t) = 1 and f(t) = t?e~" it is easy to show that the solution to BVP

ED is

u(t) = —% cos(t) + COSSS)T_(S@ sin(t) + %e_t(l + )%

Using only 10 orthonormal basis functions, we can use u11(t) to approximate u(t) with
very little difference between them as Figure [1a] demonstrates. In fact, Figure [Lb| shows
the absolute error is less than 1.14 x 10~'4. This is an improvement to what was done in
[8] as the authors used 45 Bernstein polynomials to achieve a similar result.

Example 3.2 Consider the BVP consisting of the equation
W+ ptu +qu=f(t), te(0,1), (3.9)

with BC ([1.2]), where p(t) € C[0,1] and g € R.
Again, we seek approximate solutions of the form

n—1
= ZCiHi,n(t)7 n 2 2.
i=1
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0.000

— |u(t) —uni(t)]

1.00x107

—0.005

7.50x1071%

—0.010

5.00x107%%

-0.015

2.50x10°%°

—0.020

0.00 0.25 0.50 075 1.00
0.00 025 0.50 0.75 1.00 X

(a) Plot of u(t) and w11 (t) (b) Absolute Difference of |u(t) — uy1(t)]

Figure 1: Analysis of u11(t) for BVP (3.6), (1.2)

Substituting this into the equation given in BVP (j3.9), multiplying through by H, (%),
for some 7 =1,...,n — 1, and applying integration by parts, we have

S [T HL 0] 0) + 0L Hlt) + b0t = [ i (010) .

Using the orthonormal property of H;, (), this is equivalent to solving the (n — 1) x
(n — 1) system Bc = b, where

[ O O ) 40, =

B = [bj] = { '
[ O 0F + bR, O 0, i # 5
and ¢ and b are defined the same as in and , respectively.

It can be shown that u(t) = sin(rz) is a solution to BVP (B.9)), where p(t) = sin(z),
g = 4, and f(t) = —n?sin(rz) + sin(z) cos(rz)m + 4sin(rz), with BC (L.2). For such
a problem, by using 12 orthonormal Bernstein basis functions, ui3(t), we obtained an
absolute error of less than 1.6 x 1072, Figures [2al and [2b] demonstrate this.

While the selected problems contain a linear term, the application of the orthonormal
subset of Bernstein polynomials can be applied to for general equations such as , as
long as BC is satisfied. All calculations in these applications were done using Julia
programming language, see [3].

The use of the subset of orthonormal Bernstein polynomials is mainly beneficial when-
ever there is scaled linear term in the ODE. When there is no scaled linear term, utilizing
the subset orthonormal Bernstein basis functions only adds to the complexity of basis
functions implemented. The full basis, i.e., {B;,(t)}I, appears to do just as well as our
subset orthonormal basis as seen in [§].
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— |u(t) - uxs(t)]

1.50x10712

1.00x10712

5.00x10713

0.00 0.25 0.50 075 1.00
X

(a) Plot of u(t) and ui3(t) (b) Absolute Difference of |u(t) — u3(t)]

Figure 2: Analysis of ui3(t) for BVP (3.9), (1.2)
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