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1 Introduction

The paper is dedicated to the analysis of mixed finite element approximations of the solutions
of the system of equations modeling the flow of compressible fluids in porous media subject to
the Darcy law. This phenomenon generated a lot of interest in the research community such as
engineering, environmental and groundwater hydrology and in medicine.

Darcy’s law is commonly related to viscous fluid laminar flows in porous media and is char-
acterized by the permeability coefficient, which is obtained empirically in order to match the
linear relation between the velocity vector and the pressure gradient. Darcy’s equation has also
been obtained rigorously within the context of homogenization and other averaging/upscaling
techniques [25,30]. From a hydrodynamic point of view, Darcy’s equation is interpreted as the
momentum equation. Darcy’s equation, the continuity equation, and the equation of state serve
as the framework to model processes in reservoirs [9,[23]. For a slightly compressible fluid, the
original PDE system reduces to a scalar linear second order parabolic equation for the density
only.

The popular numerical method for modeling flow in porous media is the mixed finite element
approximations (e.g., [10,13}21,27/28]). This method is widely used because of its inherent conser-
vation properties and because it produces accurate flux even for highly homogeneous media with
large jumps in the conductivity (permeability) tensor [12]. Since the pioneering work of Raviart
and Thomas [32], the method has become a standard way of deriving high order conservative ap-
proximations. We recommend to the reader [6] for general accounts of the mixed method. Douglas
et al. [11] proposed semidiscrete mixed finite element methods to approximate the solution of the
system (3.11a)) — (3.11b)) and obtained optimal order error estimates for the pressure in L? under
reasonable assumptions. In 28], one of the authors has further analyzed the method and obtained
optimal order error estimates for the flux variable in the several norms of interest.

There exist several time-discretization methods to deal with the parabolic equations such as
the backward Euler method, the Crank-Nicolson method and the Runge-Kutta method [17]. As
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is known to all, the Crank—Nicolson scheme [§] was first proposed by Crank and Nicolson for
the heat-conduction equation in 1947, and it is unconditionally stable with second-order accu-
racy. Moreover, because of its high accuracy and unconditional stability, the scheme has been
widely used in many PDEs. So we use the Crank—Nicolson scheme and prove the optimal order
of convergence.

The paper is organized as follows. In Section [2] we introduce notation and some of relevant
results. We present a semi discrete mixed finite element approximation for the problem. Existence
and uniqueness are discussed and some known results are recalled. In Section [4] we derive error
estimates for the two relevant functions. We consider the fully discrete mixed finite element
method based on the Crank—Nicolson scheme to approximate the solution of the system . The
optimal order estimates are established in L?-norms for density and momentum under reasonable
assumptions on the regularity of solutions. In Section 5] the results of a few numerical experiments
using the lowest Raviart-Thomas mixed finite element in the two-dimensions are reported. These
results support our theoretical analysis regarding convergence rates.

2 Preliminaries and Auxiliaries

We consider a fluid in a porous medium occupying a bounded domain Q C R% d > 2 with
boundary €. Let x € R%, 0 < T' < oo and t € (0, T be the spatial and time variables respectively.
The fluid flow has velocity v(x,t) € RY, pressure p(x,t) € R, density p(x,t) € Ry = [0,00) and
dynamic viscosity p and permeability x > 0.
The Darcy equation, which is considered as a momentum equation, is studied in [4,29] and
has the form
v(x,t) = —ng(x,t). (2.1)

This relationship describes the linear relationship between the velocity v of the creep flow and the
gradient of the pressure p, which is valid when the velocity v is extremely small [3] observed in
oil and water wells due to low permeability. A theoretical derivation of Darcy’s law can be found
in 16,24, 34].

Multiplying both sides of the equation to p, we find that

p(x,t)v(x,t) = —gp(x,t)Vp(x,t). (2.2)

We recall that the fluid’s compressibility for isothermal conditions is

1dV_ 1dp

Vidp pdp’

where V', here, denotes the fluid’s volume. In many cases such as (isothermal) compressible liquids,
w is assumed to be a constant [4,[23]. In particular, it is a small positive constant for (isother-
mal) slightly compressible fluids such as crude oil and water. This condition is commonly used
in petroleum and reservoir engineering [1,|9], where the fluid dynamics in porous media have im-
portant applications. The current paper is focused on (isothermal) slightly compressible fluids,
hence, we study the following equation of state

Ldp _

g w, where the constant compressibility @ > 0 is small. (2.3)
pap
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Hence

Vp=wpVp, or pVp=w 'Vp. (2.4)
Combining (2.2)) and (2.4) implies that
K
t t) = —— t). 2.
ploe vl 1) =~ Vol (2.5)

The continuity equation is

¢,0t(x, t) + V- (p(X, t)V(X, t)) = f(X, t)? (26)

where ¢ € (0;1) is the constant porosity, and f is the external mass flow rate.

By combining ([2.5)) and ({2.6) we have
m(x,t) + BVp(x,t) = 0,
¢Pt(X7 t) +V- m(X7 t) = f(xv t)v

where m(x,t) = p(x,t)v(x,t), f = 7 > 0.
By rescaling the variables p — (p, ¢ — B¢, we can assume 3 = 1 to obtain the system of

equations
m(x,t) + Vp(x,t) =0,

(2.7)
d)pt(X? t) +V- m(Xv t) = f(xa t)
We recall some elementary inequalities that will be used in this paper.
For all a,b > 0,
271 (a? + bP) < (a+b)P < 2P~ (aP +5P) for all p > 0. (2.8)
Lemma 2.1 (Young’s inequality, general version). Let N € N, p; € [1,00), i=1,..., N, be
N N
1
such that Z — =1, and let ¢; > 0 be such that ch- =1. Then
im1 Pi i=1

i

N N
-

[Tai<) ta

i=1 i=1

S

p
for all non-negative real numbers a;,i =1,...,N.

We recall a discrete version of Gronwall Lemma in backward difference form, which is useful
later. It can be proven without much difficulty by following the ideas of the proof in Gronwall
Lemma.

Lemma 2.2 Assume { > 0,1—{1 > 0 and the nonnegative sequences {an o>, {gn}req satisfying
—lay, <gn, n=123...

then

anp < (1—47)™" (ao +7 Z(l - fT)i—ng). (2.9)
i=1
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Proof. Let a, = (1 — ¢7)"ay. A simple calculation shows that

Qp—

=(1—tr)nt (70% —

R - - Kan) < (1= 1) g
-

T

Summation over n leads to

an — @

n
SN (-t
i=1

T

and hence holds true. U

Notations. Throughout this paper, we assume that € is an open, bounded subset of R?, with
d=2,3,..., and has C'-boundary 9. For s € [1,00), we denote L*(£2) be the set of s-integrable
functions on Q and (L*(Q2))¢ the space of d-dimensional vectors which have all components in
L*(£2). We denote (-,-) the inner product in either L*(Q) or (L*(2))? that is (£,n) = [, éndx or
(&m) = [ & ndx and [ull o) = (Jq lu(z)|*dz) Y5 for standard Lebesgue norm of the measurable
function. The notation (-,-) will be used for the L?(9€2) inner-product. For m > 0,s € [1, 0], we

denote the Sobolev spaces by W™*(Q) = {v € L*(Q0),: D € L*(), |a] < m} and the norm of
W) by [0lymsq) = <Z|a\§m I \Dau’sclx>1/s7 and [[o]lyymeo () = Xjaj<m €555uP [DVu].
Finally we define L*(0,7; X) to be the space of all measurable functions v : [0,7] — X with
the norm ([0 1« (o 7. x) = (fT lo(t)]% dt) 1/8, and L*°(0,7T; X) to be the space of all measurable
functions v : [0,7] — X such that v : t — |lv(t)|| y is essentially bounded on [0, 7] with the norm
HUHLOO(O,T;X) = €SSSUP¢co, T o)l x-

Throughout this paper, we use short hand notations, ||, = |||, and [|-| = [[-[lo and
Ml = [-lwre @I = 1o )l L2y » ¥t > 0 and p°(:) = p(:,0).
Throughout this paper, we use C, C,Cs, ... to denote a generic positive constant whose value

may change from place to place but are independent of the parameters of the discretization.

3 The Mixed Finite Element Method
We study the initial- boundary value problem or IBVP

m(x,t) + Vp(x,t) =0 (x,t) € Qx(0,T), (3.1a)
opr(x,t) + V-m(x,t) = f(x,t) (x,t) € Qx(0,7T). (3.1b)

The initial and boundary conditions:
p(x,0) = po(x) in Q, p(x,t) =P(x,t) on N x (0,T),

we also require at ¢t = 0: pp(x) = ¥ (x, 0) on boundary 0f2. The mixed formulation of (3.1af)—(3.1b)
reads as follows. Find (m, p) : [0, T] — H(div, Q) x L?(2) = M x R such that

(m,v) — (p,V-v)=—(,v-v) VveM, (3.2a)
¢ (pr;q) +(V-m,q) = (f,q) VgeR, (3.2b)

where (-, -) is the inner product in L?(9)) and v denotes the unit outer normal vector to 9.
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Let {7n}n be a quasi-regular polygonalization of © (by triangles, rectangles, tetrahedron or
possibly hexahedron), with max,c7;, diam 7 < h. The discrete subspace M}, x Ry, C M x R is
defined as

My ={ve H(div,Q)|v=a+bx for all T € Tp},
R = {q € L*(Q)|q is constant on each element T € Tj}.

So My, denotes the RTp space (the Raviart-Thomas-Nedelec [7,[32]) and Ry, is the space of
piecewise constant functions.
For momentum, let IT : M — M, be the Raviart-Thomas projection [31], which satisfies

(V.-(IIm—m),q) =0, foralmeM,qeTRy. (3.3)
For density, we use the standard L2-projection operator, see in |7], 7 : R — Ry, satisfying

(mp—p,q) =0, forall peR,q€ Ry, (3.4)
(mp—p,V-my) =0, forall my, € My,peR. '

This projection has well-known approximation properties, e.g. [5}6,/18].

[T < C(ml|+ AV ml), YmeMn W (@) (3.5)
|IIm —m| < Ch|ml|,, Yme MnWH3(Q)) (3.6)
lwpll < Clpll, Vo € L*(Q). (3.7)
lwp = pll + hllmp = plly < CR? |lplly,  Vp € WH(Q), (3.8)
The two projections 7 and II preserve the commuting property divoIl = modiv:V — Ry,.
We shall also find useful the following inequalities valid for each 7 € Tp,
IV -m| 20y < Ch7V|lml| oy, mE My (3.9)
1
Hm . I/HLQ(aT) S Ch™2 HmHLz(T) s m € Mh. (310)

The mixed finite element problem is stated as: Find a pair (my, p) : [0,T] — M}, X R}, such
that

(mp,v) — (pp, V-v) = —(,v-v) Vv eE My, (3.11a)
¢ (pne>q) + (V-mp, q) = (f,q) Vg € Ra. (3.11b)

Initially we take p9 = mpg. With this choice, we obtain for all ¢ € R,
(Ph ) = (mpo(x), q) -

We assume that f € L2(0,T;L?(2)), ¥ € L*(0,T;L*(0Q)) and py € L?(Q2). Then, see for
instance [15,(19}20%33], pages 156—158, for more details, there exists a unique weak solution for
(3-2a)—(3-2b)) in the following sense: there exists a function p € L?(0,T; Hi(Q2)) N C(0,T; L*(£2)).
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4 Fully Discrete Problem Based on the Crank—Nicolson Scheme

The discretization scheme we want to consider is implicit and it is based on the use of the Crank—
Nicolson method as discretization in time and on the use of the finite element mesh described
above.

We first divide the interval [0, 7] into N equally-spaced subintervals by the following points

O=to<ti<...<tnyp1 =T
with t; =47, t, 1 = (i— )7, for time step 7 = T'/N. For a smooth function ¢ on [0, T], we define
2

¢ = ¢(-,t;) and Lpi_% = ¢(-,t,_1). We shall denote by @' the following arithmetic mean value,
2

when {(p’}fi ng is a discrete function, between the two time levels ¢ — 1 and 4:
Pt
=0
We also define
4 i i1 4 4 i1 _9ui 4 il
0pt = %, and %" = §(5p ) = 1 Ti 1 Vi=1,2,...,N+ 1.

The fully discrete time mixed finite element approximation to (3.2)) is defined as follows: Given
{fl}jitl € L2(Q), {W}Z]\LT € L*(99). Find a pair (m}, p}) in M, x Rp,, i =1,2,...,N+1 such
that

(rh;l,v) — (ﬁﬁl,v-v) = —<1Zi,v-u>, Vv € My, (4.1a)
¢ (00, q) + (V-mi,q) = (fl,q), Vg€ R (4.1b)

Initially, we take (mY, p) = (7Vpo, mpo). With this choice we obtain
(m%,v) — (ﬂ'pO,V-V) = —<¢0,V~1/>, Vv € My, (4.2)

(6%,9) = (7po,q), Vg € Rp.

Remark 4.1 We can use fifé in place of f? in the second equation of (4.1)). If f is a continuous
function of time then we define f! = f(-,t;). If f is less regular, then we define

t;
fi= 1/ f(,t)dt, i=1,...N+1.
T Jtia
Lemma 4.2 (Stability) Let (mj, p}}) solve the fully discrete finite element approximation
for each time step n, n=1,..., N + 1. Suppose that (m, p) € M x R, f € L*=(0,T; L*(Q)), and
W € L*(0,T; L*(09Q)), po € L*(Q). Then, there exists a positive constant C independent of T such
that for T sufficiently small
(i) For alln=1,2,... . N +1,

ol + 7 3 [l |* < ) (looll” + D7 171 + 17 oy ) (44)
=1 i=1
(i) For alln=1,2,...,N +1,
e > < () (Nooll® + 14 7 om + D= 2o 7 I + 11971720y )- (4.5)
i=1 j=1
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Proof.
(i) Let (¢,v) = (p}, m}) in (4.1a) and (4.1D). Adding the resultant equations gives

(0 104) + ¢ (9ph 7h) = (F,74) — (9" -v)

Using Holder’s inequality, the triangle inequality and the inverse inequality (3.10)), we find
that

mail*+ 5 (bl = 1oi ™ 17) < WF AN+ 197 oy 190 2o
1, - . . y 1y - »
< S IF I+ lloi D N7k + Oh 2 dl] o oy o0i ]
It follows from the Young inequality that

. 12
el - i
T

[ [|* + o1+~ =26 [lAhl* < 267 |77 + On 7 [0 o o -

By the discrete Gronwall inequality (2.9) for n =1,2,..., N + 1,

n T n 2 1—7\—"n 2 i w2 _ —in2
iRy S L G I (1D 9 Vi Rl [ Ay
nrt - Fi||2 7|2
<ome (|l + 37 1P + 122 oy )
=1
< (ool + 7 17 + 911200y )-
=1

We completed the proof of .
(ii) By taking v = 2(m}, — m; ') in the Eq. we find that
e = i = 2 79 - (o — 1) — 2.6, (o, ) 0.
Using Holder’s inequality, the triangle inequality and the inverse inequality —, we
find that
o | = [ 7 < 1o+ i IV - (o =m0 )] 42 27y o = 005 2
< Ch [+ o7 |l -+ [l ) + B [0 oy (| + e )
Applying Cauchy- Schwartz and gives

3 i N2 i—1112 in2 i 12 i—1112 —i 112
Sk |* = e 1) = ok 1* < ) (ol + 1oi 1 + 11902 00 ) - (4.6)

Inserting (4.4]) into (4.6) leads to

(> = 1)~ 2 o P < O (ol + 27 [P0+ [y ) (47
j=1
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Due to the discrete Gronwall’s inequality (2.9) with 7 =1 and ¢ = %, we find that

I < C )+ S (ool + 37 11 + 15 on ) (48)
i=1 j=1
Since (m%,v) — (WpO,V . v) = - <¢O,V . 1/>, let v = m?l then

2
[[mi]|” < llmpoll ||V - o || + Hl/’OHp(aQ) Hm?sz(aQ)

0 0 (4.9)
< C(h)(lmpoll + [[4°]] 2 p0y) mia]-
Combining and yields
lmf2 < OB (ool + [ [Fagany + Do D7 1717+ 1197 omy )
i=1 j=1
The proof is complete. ]

Lemma 4.3 Let (mj, p}}) solve the fully discrete finite element approzimation (4.1)) for each time

stepn, n=2,..., N + 1. Suppose that f € L>=(0,T;L?*(Q)), ¥ € L>(0,T; L*(09Q)), po € L*(£).

Then, there exists a positive constant C independent of T such that for T sufficiently small

o — pp!
T

< €0 (ool + 112 oy + 171+ 18y + D 0]+ o) 420
=2

Proof. Acting the discrete operator § on (4.1a) and (4.1b) we get, foralli =1...,N +1

(omi,v) — (355, V -v) = — (8¢, v-v), Wve My, (4.11a)
¢ (6°phq) + (6V -}, q) = (6/',q), Vg€ Rp. (4.11b)

Taking v = dm} in ([4.11a) and ¢ = 67}, in (4.11b), adding the resultant equations we obtain

[

2r + [Jomi,|* = (57, 553,) + (59", mi, - v).

¢

Thanks to the use of Holder’s inequality, triangle inequality and inverse inequality (3.10]), we
obtain that
i 112 i—1112
N L el
2T

— i |2 i ) T — i
+ [Jom |” < [|a 7| 107 | + 1[09°[| 2 e 10m ] 2 a0
7i i -2 Is5.70 —i
< a7 {Hloph ]| + Ch2 [[69"]| 12 g 10w}
It follows from Young’s inequality that

[
T

(1 —1—7')‘

=26 [|6531° + fl6mi||” < 207 |8 7]* + O™ ([0 L2 gy -
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By discrete Gronwall’s inequality (2.9))

19512 < C 19041+ €0 D27 [ + 150 - (4.12)
=2

Let us estimate H(Sp}ZHQ. At the step i = 1, taking ¢ = dp}, in Eq.(4.1b)) we find that

¢ (dp1,, 0p1) + (V-my, 6p4) = (F'.0p3) -

Thus 1112 _ 2 71112 —92 .= 2 71112
dllopnll” < CIIV -y |+ [£]7) < ep7* [l "+ C [ 1] (4.13)
< O (oo |* + mf ) + )17
By and , it implies that
o [0k < CB) (lpoll” + 1913200 + (7 + D IF I + 19" 200 )- (4.14)
Substituting (4.14)) into (4.12]) shows holds true.
The proof is complete. O

4.1 Error Analysis for the Fully Discrete Method

In this section we derive an error estimate for the fully discrete scheme. First, we give some results
that are crucial in getting the convergence results.

Lemma 4.4 For n > 1 if py, pur € L?(0,T; L?(2)), then

o3P com [T 2 gt 415
pr—p <Cr | pze]|” dt. (4.15)
tn—1
2 tn
ji 5o — 3| < ot 2dt 4.16
(i) P Pt > 0T | pree| . (4.16)
tnfl

Proof. (i) By Taylor expansion with integral remainder

tn
_ T n—1i
= T [ o)t -
tn—%
1 T _1 tn—l
== T [ )t~ o)
t 1
n-3

This implies that

n—1

P tp
2

tn tn—1
/’/ pu(t) (1 —tdt+/ pur(t t—tnldt‘ dz
t
tn 1 2
< - — :
< /Q ( /tn_%m)(t nat) -+ ( / pa(t)(t — b )dt)
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We estimate the right hand side by Hélder’s inequality

/Q (/ttnl pit () (tn )dt)2 + (/ttn_l put(£)(t — tn_l)dt>2dx

_1
2

tn n tn—% tn—%
< / ( / loulds / (tn >dt)dar+ L o [ F = 02a)ar g
Q 1 tn—1 tn—1
tn tn
< 24 // |pit] dtdx+/ /tn 1 |ptt] dtdm) < 12/ 1||Ptt|| dt.

Then (4.15) follows directly from inserting (4.18)) into (4.17]).

(ii) Similar proof for (4.16]). By Taylor expansion with integral remainder

1 T n-l 712 -1 tn
pn = pn 2 + ?pt 2 4 ?ptt 24 3'/t pttt(t)(tn - t)th.
! ! ! 1
2
2 1 tn—1
A T ey Pt (t)(t — tn—1)"dt
217t BT ST "

Using (2.8)) and Holder’s inequality shows that

tn tn—1 2
‘ / ‘/ pree(t —t) dt+/ prit (1) (t — tp1)?dt| da
1 el

2

pn _ pn—l

T

M

2

- tn 2 tn—1 2
T ) )
< J—
~ 36 (/_1 pua () (tn =) dt) + (/t Pt (t)(E = tn—1) dt) dx
tn -
7—_2// | Pttt dt/ (tn 4dtdm+// |Pttt| dt/ ?’( n—t)4dtd:z
% tn—1 tn—1
tn 7_3 t
- 5760 // B e dtd‘r‘*’/ /tn 1 pttt| dtdiﬂ) < 2880/ B e | dt.

| A

M

Then (4.16)) follows. O

Lemma 4.5 For n > 2, suppose py, put € L?(0,T; L?(2)). Then there is a positive constant C
such that

2 tn
s = <0 [ ol ar (4.192)
tn—2
n—= 2 tn 2
) e A 2 (1.19)
n—2

Proof. Each estimate is a result of using the Taylor theorem with integral remainder and the
Holder inequality. O
First, we derive an error estimate.
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Subtract (3.2a)) from (4.1a) to obtain

(m' —mj,v) = (p' = p},,V-v) =0. (4.20)
From we have ' ' B
¢ (ph,q) + (V-m',q) = (f"q). (4.21)

Subtract (4.1b]) from (4.21]) to obtain
. . . . . i—1 i i—1
¢ (3(p" = pp)ya) + (V- (m' —mj),q) = ¢ <5p’ — 2,q> —¢ (pt —p Q,q) : (4.22)
Then from (4.20) and (4.22) we have
(m' —mj,v) — (p' = p},, V- v) =0,%v € My, (4.23a)

¢ (6(p" = pj)q) + (V- (m' —myj), q) = ¢ <5p" - pié,q> —¢ (pi - pi“l’,q> Vg € Ry, (4.23b)

pl—ph=p —mp'+mp —pl,=(+ 0 ="
mi—mz:mi—Hmi—FHmi—m%:fi%—ﬁi:ni.

From and we have
. . . . t;
1S = [lo" = mo'|| < CR?||p]], < Ch2( 12°, +/0 Hptszt)- (4.24)

. . . . ti
€] = ([’ — 1| < |, < C( [, +/0 |, dt). (4.25)

Theorem 4.6 Let (m”,p") solve problem f and (mj, pp) solve the fully discrete
finite element approrimation f for each time step n, n = 1,...,N + 1. Suppose
that (m°, p%) € (WLH2(Q)4, W22(Q)), (my,p) € (L0, T; WH2(Q))4, LY(0,T; W22(Q))), and
pits pre € L2(0,T; L2(Y)). Then, there exists a positive constant C independent of h and T such
that, for T sufficiently small,

in 1 tn
(@) llo" = ppll < 7% /0 loul® + llpwell” dt) * + € (||, + /0 lill dt ). (4.26)

tn 1 tn
(i4) ||mn_m;;|§cT2(/0 ||ptt||2+”pttt”2dt>2_|_Ch(Hm0H1+/O ||mt||1dt>. (4.27)

Proof.

(i) For any ¢ € Ry, v € My, then from (4.23al) and (4.23b)), recalling the projectors in (3.4))
and (3.3]), we end up with

(0',v) — (6, V-v) =0, VveEM,, (4.28a)

. . . i—L . j—1
¢ (60°,q9) + (V-9",q) = ¢ <5p’ — s 2,61> — ¢ (ﬁfz — s 27q> , Vg € Ry, (4.28b)
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Now choosing (¢, v) = (#¢,79") in (4.284) and ([4.28b)), and adding the resulting equations we obtain

i pi 3i||2 i i3 i i~3 7
0 008) + |71 =0 (00— i 10 ) o (- ).
Applying the Young inequality and (2.8) yields

1112

o2 — [lgi-1)* - o
N e (s

¢ . i—1
< = opt — 2
=5 P — Py

i i3
= 2
Pt — Pt

gl

2 -

) +eote

2

)+ S (0 1)

2 1
2

i 71—
P — Py

l

it follows that

ei 2 < 1+T€ 01’_1 2 T 5 i i_i 2 _i i—% 2
e | o I ol
Choosing € > 0 such that 1 —7¢e > 1/2, we find that
) 2 . 2
|o'|* < ¢ (HQHHQ +7 (H(spi —oE| + ‘ pi—n )) .

According to Lemma [4.4] we have

2 ) i1 2 ti
bl scwi/ lowll? + llpeel? .

ti—1

l

o
P — Py
We obtain

i—1

t;
12 1112

Rt (e |

t
Noting that #° = 0 and adding all equations for i = 1,2,...n < N, we get

n t;
6712 < 0 [ loal + el . (4.29)
i=1 Yti-1

The result (4.26]) follows straightforwardly using (4.29)), (4.24)) and the triangle inequality.

(ii) For any ¢ € Ry, v € My, from (4.20) and (4.22), using L?-project and elliptic projection,
we find that

(60", v) — (60", V -v) =0, Vv eEM,, (4.30a)
. _. . i—L . i—1
¢ (00",q) + (V-9'q) = ¢ <5p’ — Py 2,61> — ¢ (ﬁi — Py 2,q> , Vg eRy. (4.30b)

From the sum of Eq. (4.30b) with ¢ = 66" and Eq. (4.30a]) with v = 1%, applying Young’s

inequality, we obtain

2

i l12 1 il2 i—1112 i i—i 2 ] i—2 Qb 20112
010717 + g (1971 = o= 17) < o ot = 72 | 0 [ =i+ 5 o)
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By Lemma — we find that
GI? — [lgi-1]|? t;
Ll Ll <:073/~ lpeel|* + [l pese | .

T ti—1

The discrete Gronwall lemma (Lemma [2.2| with ¢ = 0) yields

972 < € 0"+ Ort S [ ol + ol . (431)
i=1 Y ti-1
since
(mo — m%,v) + (po — 7,V - v) = (Hm0 — mo,v) Vv € My,
Let v =IIm° — m%, then
(4.32)

[t — mj[| < [|tm” — m®|| < CR* |m®]],

Inserting (4.32)) into (4.31)) we find that
tn 1

97 < Ch sl + ([ ol + vl ) (439

0

Combining (4.33]), (4.25) and the triangle inequality we complete the proof (4.27)).

Theorem 4.7 Let (m", p") solve problem (3.2) and (mj, p}') solve the fully discrete finite element

approzimation (E.1)) for each time stepn, n =1,..., N+1. Suppose that py, pir € L*(0,T; L*(Q)).
Then, there exists a positive constant C' independent of h and T such that, for T sufficiently small,

(4.34)

0

_ —1
e A e 2
T

SC’(h—I—T).

T

Proof. Taking the difference in time of (4.28a)) and (4.28b)) we find that

(55i,v) — (6@, V- v) =0, VveM,, (4.35a)

¢®%Q®+(Vﬁwﬂy—¢66ﬁ—pi%ﬂ)—¢<ﬂ%—pi%ﬂ>,quRn (4.35b)

From the sum of Eq. (#.35b) with ¢ = §0° and Eq. (4.35a)) with v = §9°, applying the Young

inequality, we obtain
L L I RN O TR
T L = 2o < o (e - a7b)| + o - 78] ).
Applying the discrete Gronwall’s inequality implies
2 2 n . j—1 2 . i—1 2
o6 < oo |+ €x 3 [ot0s = o7 + st = o7
=2
01 2 n ) i1 2 ' 1 2 (436)
=[5 + x| = s + ot -
=2
52

THE PUMP JOURNAL OF UNDERGRADUATE RESEARCH 6 (2023), 40-58



Thanks to (4.29)),
01

’ T

Thanks to and ,
n . i—1
Z ( H(S((Sp’ —p )
i=2

Combining (4.36)) with (4.37)) and (4.38) gives

2 t1
< or? / Lol + [l el . (4.37)
0

2

S |2 Dot
toi-o | Y <o S [ el + g s
=2 Jti-2

t1 n t;
l6m|12 < 7 /0 pul + el 2t + C2 3 / loull? + L tae 12
1=2 i

ti—2
n t; , )
< CTZZ/ peell” + Nl peee||” dt
i=2 Jti—2

forallmn=2,...,N + 1.
Then

n ti 1
o < C7(X2 [ loul + el a) " (439)
i=1 7 ti—2
By the triangle inequality, (4.39)) and (4.24)),
n t; 1 )
156" = DI < 1667+ o™ < (3 [ ol + lpwel*a)* + o',
i=2 li-2

This proves (|4.34)). O

5 Numerical Results

In this section we carry out numerical experiments using mixed finite element based on the
Crank—Nicolson scheme to solve problem f in two dimensional regions. For simplicity,
the region of examples are unit square € = [0, 1]2. We used FEniCS [22] to perform our numerical
simulations. We divided the unit square into an N'x A mesh of squares, each then subdivided into
two right triangles using the UnitSquareMesh class in FEniCS. The triangularization in region
) is uniform subdivision in each dimension. Our problem is solved at each time level starting at
t = 0 until the final time 7" = 1. At time 7" = 1, we measured the L?-errors of the density and

the momentum. We obtain the convergence rates r = % of finite approximation at eight

levels with the discretization parameters h € {1/2,1/4,1/8,1/16,1/32,1/64,1/128,1/256}(the
mesh size is actually hv/2) respectively.
To test the convergence rates of the proposed algorithm, we choose the true solution of the

problem (B1a)(B-IH) by

p(x,t) = el 231 — z1)xa(1 — z3)  and

—el 21 (2 — 3z1) 1o (1 — 32)

—eh (1 — )1 — 229) V(x,t) € [0,1]* x (0,1].

m(x,t) =
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For simplicity, we take ¢ = 1 on 2. The forcing term f is determined from equation p;+V-m =
f- Explicitly,

f(x,t) = et x?(1 — z1)aa(1 — x9) — 2¢° [(1 = 3z1)z2(1 — 22) — (1 — z1)] .

The initial condition and boundary condition are determined according to the analytical solution
as follows:

po(x) = x%(l —x1)xa(l —x9), and p(x,t) o0 = 0.

The numerical results are listed in Table [1] below.

N lp — pall Rates |m — my|| Rates
2 1.2462e-2 - 6.2211e-2 -

4 3.5764e-3 1.80 3.1202e-2 0.99
8 8.8489%e-4 2.01 1.5252e-2 1.03
16 2.1890e-4 2.02 7.4188e-3 1.03
32 5.4645e-5 2.00 3.6974e-3 1.00
64 1.3666e-5 2.00 1.8452e-3 1.00
128 3.4149e-6 2.00 9.2200e-4 1.00
256 8.5373e-7 2.00 4.6035e-4 1.00

Table 1: Results of the Crank—Nicolson scheme for the density and momentum with T = h/20.

For the given problem, nearly second order and first order convergence are observed respec-
tively in L? for the density and momentum. Slightly better than second order convergence is
observed for the density, but as the mesh is refined, the error ratio approaches one in accordance
with the theory.

In the second example we consider the non-homogeneous Dirichlet boundary condition. We
test the stability of the method with different time steps. We take the true solution of the problem

(B1a) (B1D) to be

—t . . —me
Usinmay sinze, m(x,t) = ¢

t cos Ty sinxy

sin x| cos s

p(x,t) =e g (x,t) € [0,1]* x (0,1].

The forcing term f, initial condition and boundary condition accordingly are
f(x,t) = me ! sinmay sinxe, (x,t) €[0,1)% x [0, 1],
and

if (z1,22) € {0,1} x (0,1],

0
X) = sin 7z sin g, X, t =
po(x) ! 2 P Do {et sinl sinmzy  if (x1,22) € (0,1) x {1}.

Table [2| presents the results for 7 = h.

Tables represent the numerical solution errors and convergence rates in the L?-norm. In
both cases, errors are calculated at time 7' = 1 and clearly demonstrate the second order of
convergence for the density variable and first order of convergence for the momentum variable in
the L?-norm.
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N lp — pnll Rates [m — my,|| Rates
2 1.6323e-2 - 4.1600e-01 -

4 4.3628e-3 1.90 2.1611e-01 0.94
8 1.0634e-3 2.04 1.1040e-01 0.97
16 2.6451e-4 2.01 5.5712e-02 0.99
32 6.5917e-5 2.00 2.7833e-02 1.00
64 1.6453e-5 2.00 1.3856e-02 1.00
128 4.1139e-6 2.00 6.9205e-03 1.00
256 1.0288e-6 2.00 3.4545e-03 1.00

Table 2: Results of the Crank—Nicolson scheme for the density and momentum with T = h.

6 Conclusion

In this paper, we have established a new fully discrete mixed finite element method based on
the Crank—Nicolson scheme for Darcy flows. The spatial discretization is mixed and based on
the lowest-order Raviart—Thomas finite elements, whereas the time discretization is based on the
Crank—Nicolson scheme. We have proven the convergence of the scheme by estimating the error in
term of discretization parameters. It has been shown that our method has the optimal convergence
rate for the density and momentum and this scheme has stability with the different time steps.
The numerical experiments agree with the estimates derived theoretically. Obviously, this method
can be expanded to the case of many dimensions easily. There are some open questions including
the possible extension of the method to non-Darcy fluid flows.
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